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1. Introduction and results

The famed Korteweg–de Vries (KdV) equation

ut = uux +
1
12

uxxx, (1.1)

has long been known to be integrable. It belongs to an infinite family of pairwise commuting nonlinear evolutionary PDEs called the KdV
hierarchy. The hierarchy can be described in terms of isospectral deformations of the Lax operator

L = ∂2x + 2 u(x). (1.2)

Namely, the k-th equation of the KdV hierarchy, in the normalization of the present paper, reads

Ltk = [Ak, L], (1.3)

Ak :=
1

(2k + 1)!!


L

2k+1
2


+

, k ≥ 0. (1.4)

Here, the independent variables t0, t1, t2, . . . are called times. The symbol

L

2k+1
2


+

stands for the differential part of the pseudo-differential

operator L
2k+1
2 , see e.g. the book [1] for details. The k = 1 equation of (1.3) coincides with (1.1). As customary in the literature, we shall

identify t0 with the spatial variable x.
The notion of tau-function for the KdV hierarchy was introduced by the Kyoto school [2–4] during the 1970s–1980s. In 1991, E.Witten,

in his study of two-dimensional quantum gravity [5], conjectured that the generating function of the intersection numbers of ψ-classes
on the Deligne–Mumford moduli spaces Mg,n of stable algebraic curves is a tau-function of the KdV hierarchy. Witten’s conjecture was
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later proved by M. Kontsevich [6]; see [7–9] for several alternative proofs. Moreover the so-called ‘‘tau structures’’ of KdV-like hierarchies
becameone of the central subjects in the study of the deep relation between integrable hierarchies andGromov–Witten invariants [10–12].

The original motivations of the Witten’s conjecture identify the tau-function τ = τ(t0, t1, t2, . . .) of a particular solution to the
KdV hierarchy with the partition function of 2D quantum gravity. The time variables t0, t1, t2, . . . are identified with coupling constants
associated with observables τ0 = 1, τ1, τ2, . . . of the quantum theory. Thus, the quantum correlators of 2D quantum gravity are just
logarithmic derivatives of the tau-function

⟨τk1τk2 . . . τkn⟩ =
∂n log τ(t0, t1, t2, . . .)
∂tk1∂tk2 . . . ∂tkn


t0=t1=t2=···=0

. (1.5)

Tau-functions of some other solutions to the KdV hierarchy along with the corresponding correlators of the form (1.5) proved to be of
interest for other applications, in particular to the study of topology of Deligne–Mumfordmoduli spaces (see below). The main goal of this
paper is to provide a simple algorithm, in the framework of the theory of Lax operator and its eigenfunctions, for computation of n-point
correlators of an arbitrary solution to the KdV hierarchy.

Let us begin with basics of the theory of KdV tau-functions in the version of M. Sato et al. Denote by t = (t0, t1, t2, . . .) the infinite
vector of time variables. Let B = C[[tk, k = 0, 1, 2, . . .]] be the Bosonic Fock space. A Sato tau-function τ(t) of the KdV hierarchy is an
element in B satisfying the Hirota bilinear identities

res
z=∞

τ(t − [z−1
]) τ (t + [z−1

]) exp


j≥1

tj −tj
(2j + 1)!!

z2j+1


z2p dz = 0, ∀ t,t, p = 0, 1, 2, . . . . (1.6)

Here t − [z−1
] :=


t0 − z−1, . . . , tk −

(2k−1)!!
z2k+1 , . . .


. The residue is understood in a formal way, namely, as (minus) the coefficient of z−1

in the formal expansion at z = ∞. Given an arbitrary tau-function τ(t), then u(t) = ∂2x log τ(t) is a solution of the KdV hierarchy (1.3).
Conversely, let u(t) be an arbitrary (formal) solution of the KdV hierarchy (1.3); then there exists [1] a tau-function τ(t) such that

∂2x log τ(t) = u(t). The tau-function of u(t) is uniquely determined up to a gauge freedom

τ(t) → exp

α−1 +


j≥0

αj tj

τ(t) (1.7)

where the coefficients αj, j ≥ −1 are arbitrary constants.
Let τ(t) be any tau-function of u(t). Define the wave and dual wave functions by

ψ(z; t) =
τ(t − [z−1

])

τ (t)
eϑ(z;t), ψ∗(z; t) = ψ(−z; t) =

τ(t + [z−1
])

τ (t)
e−ϑ(z;t), (1.8)

where the phase ϑ is given by

ϑ(z; t) :=

∞
j=0

tj
z2j+1

(2j + 1)!!
. (1.9)

The gauge freedom (1.7) affects ψ(z; t) by a multiplicative factor of the form

g(z) = exp


−

∞
k=0

αk · (2k − 1)!!
z2k+1


= 1 + O(z−1), z → ∞. (1.10)

The wave functions are (formal) eigenfunctions of the Lax operator

Lψ = z2 ψ, Lψ∗
= z2 ψ∗. (1.11)

Their dependence on time variables is specified by the following compatible system

ψtk = Akψ, ψ∗

tk = −Akψ
∗, k ≥ 0. (1.12)

where the differential operators Ak are defined in (1.4). As z → ∞ their (formal) asymptotic behaviours are

ψ(z; t) =

1 + O(z−1)


eϑ(z;t), ψ∗(z; t) =


1 + O(z−1)


e−ϑ(z;t). (1.13)

Also they satisfy an infinite system of bilinear relations

res
z=∞

ψ(z; t) ψ∗(z;t) z2p dz = 0, ∀ t,t, p = 0, 1, . . . . (1.14)

See e.g. [1, Thm. 6.3.8] for proofs of these statements. Depending on the context, the wave and dual wave functions (as well as the
τ -function) can be defined analytically following the approach of G. Segal and G. Wilson [13]; also see Remark 4.2.

Definition 1.1. For any tau-function τ(t) of the KdV hierarchy, we call the functions

⟨⟨τk1τk2 . . . τkn⟩⟩(t) :=
∂n log τ

∂tk1 . . . ∂tkn
(t), n ≥ 1 (1.15)
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and the numbers

⟨τk1τk2 . . . τkn⟩ := ⟨⟨τk1τk2 . . . τkn⟩⟩(t = 0) (1.16)

the n-point correlation functions and the n-point correlators of the tau-function respectively. For every n ≥ 1 we define the generating
function of n-point correlation functions by

Fn(z1, . . . , zn; t) :=

∞
k1,...,kn=0

⟨⟨τk1 . . . τkn⟩⟩(t)
(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

. (1.17)

Evaluating it at t = 0

Fn(z1, . . . , zn) := Fn(z1, . . . , zn; 0) (1.18)

one obtains generating functions of n-point correlators of τ(t).

The notation (1.15) is borrowed from the literature in quantum gravity [5].
We are now in a position to formulate the first main result of the paper.

Theorem 1.2. Let τ be any tau-function of the KdV hierarchy and let ψ,ψ∗ be defined by (1.8). The generating function of one-point correlation
functions has the following expression

F1(z; t) =
1
2
Tr

Ψ−1(z)Ψz(z)σ3


− ϑz(z) (1.19)

where

Ψ (z; t) =


ψ(z; t) ψ∗(z; t)

−ψx(z; t) −ψ∗

x (z; t)


(1.20)

and σ3 =


1 0
0 −1


is the Pauli matrix.

The proof is in Section 3. The identity (1.19) gives a unique reconstruction, up to a multiplicative constant, of tau-function from the
knowledge of the corresponding wave functions and thus provides a converse to Sato’s result.

Remark 1.3. The reader conversant with the theory of isomonodromic deformation will observe similarity with the Jimbo–Miwa–Ueno
definition of isomonodromic tau-function [14,15].

Remark 1.4. The theory developed by Sato et al. gives a formal expansion of τ by using the infinite Grassmannian approach (see for
example [16–18] for details)

τ =


µ∈Y

πµ sµ (1.21)

which provides derivatives of τ at t = 0 in terms of Plücker coordinates. Here, Y denotes the set of Young diagrams, πµ are Plücker
coordinates of a point in the Sato Grassmannian, sµ = sµ(T ) are Schur polynomials in T = (T1, T2, . . .) with tk = −(2k + 1)!! T2k+1.
However, the representation (1.21) does not help much with computation of logarithmic derivatives of tau-function.

A well-known formula (see e.g. [19, pag. 389]), expressing the generating function of ⟨⟨τ0τj⟩⟩, can be easily obtained as an immediate
corollary of Theorem 1.2:

Corollary 1.5. The following equality holds true:

1 +

∞
j=0

(2j + 1)!!
z2j+2

⟨⟨τ0τj⟩⟩ = ψ(z) ψ∗(z). (1.22)

It has been shown in [20,19] that any pair of wave and dual wave functions ψ,ψ∗ satisfy

ψ(z) ψ∗(z) = 1 +

∞
j=0

Res∂L
2j+1
2

z2j+2
. (1.23)

Hence from (1.23) and (1.22) we have ⟨⟨τ0τj⟩⟩ =
1

(2j+1)!!Res∂L
2j+1
2 , j ≥ 0.

Our next result expresses the generating function of two-point correlation functions in terms of wave and dual wave functions.

Proposition 1.6. Let τ be a tau-function of the KdV hierarchy and let ψ,ψ∗ be defined by (1.8). The generating function of two-point correlation
functions has the following expression

F2(z, w; t) =

1
2Rx(w)Rx(z)− R(w)R(z)χ(z)χ(−z)− R(z)R(w)χ(w)χ(−w)− (z2 + w2)

(z2 − w2)2
(1.24)

where R = R(z; t) = ψ(z; t) ψ∗(z; t), χ = χ(z; t) = ∂x logψ(z; t); the explicit dependence on t of the functions R(z; t), R(w; t), etc. is
omitted from (1.24).
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The proof is in Section 4.1. Note that both R and χ are intended as formal Laurent series in z−1 whose coefficients are differential
polynomials in u. The formula (1.24) was also derived in [10] through the Hadamard–Seeley expansion of eε L, ε → 0.

Now we formulate the result for n-point correlation functions (n ≥ 2); it includes the case n = 2 but we have preferred to highlight it
separately in Proposition 1.6 for clarity’s sake.

Theorem 1.7 (Main Theorem). Let τ be any tau-function of the KdV hierarchy and let ψ = ψ(z; t), ψ∗
= ψ∗(z; t) be defined by (1.8). Let

R = R(z; t) be as above. DenoteΘ the matrix given by one of the following equivalent expressions

Θ(z; t) =
1
2


−Rx −2R

Rxx − 2(z2 − 2 u)R Rx


(1.25)

=
1
2


−(ψ ψ∗)x −2ψ ψ∗

2ψx ψ
∗

x (ψ ψ∗)x


(1.26)

= z Ψ (z; t) σ3 Ψ−1(z; t) (1.27)

where the matrix Ψ (z; t) is defined in (1.20). Then the generating function of n-point correlation functions with n ≥ 2 has the following
expression

Fn(z1, . . . , zn; t) = −
1
n


r∈Sn

Tr

Θ(zr1) · · ·Θ(zrn)


n

j=1
(z2rj − z2rj+1

)

− δn,2
z21 + z22
(z21 − z22)2

. (1.28)

Here δn,2 is the Kronecker delta, Sn denotes the group of permutations of {1, . . . , n}, and for a permutation r = [r1, . . . , rn], rn+1 is understood
as r1.

The proof is in Section 4.

Remark 1.8. The reader can verify that the right side of (1.28) is regular on the diagonals zi = zj.

Example 1.9. The next example is n = 3 for which the theorem above yields (on account of the cyclicity of the trace)

F3(z1, z2, z3; t) = −
Tr (Θ(z1)Θ(z2)Θ(z3))− Tr (Θ(z2)Θ(z1)Θ(z3))

(z21 − z22)(z
2
2 − z23)(z

2
3 − z21)

. (1.29)

Remark 1.10. We have been recently made aware of an interesting preprint from Si-Qi Liu [21], where the n = 2, 3 cases of Theorem 1.7
have also been obtained independently. Jian Zhou also privately communicated a different nice proof of Theorem 1.7 [22].

Application to intersection numbers ofψ-classes onMg,n. Recall thatMg,n denotes the Deligne–Mumfordmoduli space of stable curves
of genus g with nmarked points; let us also recall

Witten’s conjecture (Kontsevich’s Theorem). The partition function of 2D quantum gravity

Z(t) = exp


∞
n=0

1
n!


k1,...,kn≥0

⟨τk1 · · · τkn⟩ tk1 · · · tkn


(1.30)

is a tau-function of the KdV hierarchy (1.3). Here ⟨τk1 . . . τkn⟩ are intersection numbers of ψ-classes over the Deligne–Mumford moduli spaces

⟨τk1 . . . τkn⟩ :=




Mg,n

ψ
k1
1 . . . ψkn

n , if g :=
k1 + · · · + kn − n + 3

3
is a nonnegative integer,

0, otherwise.
(1.31)

In the above integrals, ψi is the first Chern class of the i-th tautological line bundle over Mg,n.

The partition function Z(t) is now generally known as the Witten–Kontsevich tau-function. Witten’s conjecture implies that uWK (t) :=

∂2x log Z(t) is a particular solution of (1.3), for which reason we call it theWitten–Kontsevich solution, also known as the topological solution.
It can be specified by the initial data

uWK (t)|t0=x, t≥1=0 = x. (1.32)

Applying Theorems 1.2 and 1.7 to the Witten–Kontsevich tau-function, we obtain

Theorem 1.11. Let M(z) denote the following matrix-valued formal series

M(z) =
1
2


−

∞
g=1

(6g − 5)!!
24g−1 · (g − 1)!

z−6g+4
−2

∞
g=0

(6g − 1)!!
24g · g!

z−6g

2
∞
g=0

6g + 1
6g − 1

(6g − 1)!!
24g · g!

z−6g+2
∞
g=1

(6g − 5)!!
24g−1 · (g − 1)!

z−6g+4

 . (1.33)
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The generating functions of n-point intersection numbers (1.31)

FWK
n (z1, . . . , zn) :=

∞
k1,...,kn=0

⟨τk1 . . . τkn⟩
(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

, n ≥ 1 (1.34)

are given by the following formulæ:

FWK
1 (z) =

∞
g=1

(6g − 3)!!
24g · g!

z−(6g−2), (1.35)

FWK
n (z1, . . . , zn) = −

1
n


r∈Sn

Tr

M(zr1) · · ·M(zrn)


n

j=1
(z2rj − z2rj+1

)

− δn,2
z21 + z22
(z21 − z22)2

, n ≥ 2. (1.36)

The expression (1.35) is equivalent to the well-known formula (for example see in [23,24]):

⟨τ3g−2⟩ =
1

24g · g!
, g ≥ 1. (1.37)

The formula (1.36) seems to be new.

Remark 1.12. In [24], A. Okounkov provided an expression for different generating functions of the same intersection numbers. The
relationship between the two approaches is the following

Our approach Okounkov’s approach
∞

k1,...,kn=0

(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

⟨τk1 . . . τkn⟩

∞
k1,...,kn=0

xk11 · · · xknn ⟨τk1 . . . τkn⟩
(1.38)

It should be apparent that the two generating functions are related by a (formal) multiple Laplace transform. Okounkov’s approach
produced integral expressions (but reducing to explicit formulæ for n ≤ 3). On the other hand the formula (1.36) is absolutely explicit and
allows an efficient computation of the n-point numbers also for very high genera. See Section 8 for more details.

Remark 1.13. In [25] M. Bergère and B. Eynard introduced correlators associated with the Christoffel–Darboux kernel obtained from
solutions to a general 2 × 2 system of linear ODEs with rational coefficients (see Definition 2.3 in [25]). In this case one can use a
suitably modified Jimbo–Miwa–Ueno formula [14] as the definition of the tau-function. The construction of [25] was extended in [26] to
Christoffel–Darboux kernels associatedwith larger systems of ODEs. Applications of this approach to computation of intersection numbers
on the Deligne–Mumford moduli spaces have not been discussed in Refs. [25,26]. We are grateful to B. Eynard who, after the first version
of the present paper appeared on arXiv, kindly communicated us that, in the particular case of Airy kernel it can be shown that the
Bergère–Eynard generating functions of the correlators, after a suitable normalization, reproduce intersection numbers of ψ-classes. It
is an interesting observation that certainly deserves a further study.

Application to higher Weil–Petersson volumes. TheMain Theorem also allows us to compute higher Weil–Petersson volumes, by which
we mean integrals of mixed ψ- and κ-classes of the form

⟨κ
d1
1 . . . κ

dℓ
ℓ τk1 . . . τkn⟩g,n :=


Mg,n

ψ
k1
1 . . . ψkn

n κ
d1
1 . . . κ

dℓ
ℓ . (1.39)

Recall [27–29] that κ-classes as elements of the Chow ring A∗

Mg,n


are defined by

κi = f∗

ψ i+1

n+1


∈ Ai Mg,n


, i ≥ 0 (1.40)

where f : Mg,n+1 → Mg,n is the universal curve (the forgetful map). The class κ0 = 2g − 2 + n is just a constant, so it will not appear
below. The integrals (1.39) take zero values unless

n
j=1

kj +
l

j=1

j dj = 3g − 3 + n. (1.41)

We denote by Zκ(t; s) the partition function of higher Weil–Petersson volumes

Zκ(t; s) = exp

 
g,n,ℓ≥0

1
n!


d1,...,dℓ,k1,...,kn≥0

⟨κ
d1
1 . . . κ

dℓ
ℓ τk1 . . . τkn⟩g,n tk1 · · · tkn

sd11 . . . s
dℓ
ℓ

d1! · · · dℓ!


, (1.42)

where s denotes the infinite vector of independent variables (s1, s2, . . .). It is a KdV tau-function of a family of solutions depending
on the parameters s [30]. The s = 0 evaluation of this function gives the Witten–Kontsevich tau-function: Z(t) = Zκ(t; 0). By
ψWK (z; t), ψκ(z; t; s) denote the corresponding wave functions

ψWK (z; t) :=
Z(t − [z−1

])

Z(t)
eϑ(z;t), ψκ(z; t; s) :=

Zκ(t − [z−1
]; s)

Zκ(t; s)
eϑ(z;t). (1.43)
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Notations. (i) Y will denote the set of all partitions. (ii) For a partition λ = (λ1 ≥ λ2 ≥ · · · ), we denote by ℓ(λ) = card{i = 1, 2, . . . | λi ≠

0} the length of λ, by |λ| =


i≥1 λi the weight of λ, by mi(λ) themultiplicity of i in λ, i = 1, . . . ,∞. Let

m(λ)! :=

∞
i=1

mi(λ)!. (1.44)

The partition of 0 is denoted by (0); ℓ((0)) = |(0)| = 0. For an arbitrary sequence of indeterminates q1, q2, . . . denote qλ := qλ1 · · · qλℓ(λ) ;
we use ≺ for the reverse lexicographic ordering on Y, e.g. Y3 = {(3) ≺ (2, 1) ≺ (14)}, Y4 = {(4) ≺ (3, 1) ≺ (22) ≺ (2, 12) ≺ (14)}.

We give two ways of representing the generating function of the intersection numbers ⟨κ
d1
1 . . . κ

dℓ
ℓ τk1 . . . τkn⟩. The first one represents

the generating function of intersections of ψ- and κ-classes in terms of the generating functions of intersections of ψ-classes obtained in
Theorem 1.11. The second approach is based on an explicit representation of the wave function ψκ(z; t; s) in terms of the wave function
of the Witten–Kontsevich solution. These two approaches are formulated as, respectively, the first and the second part of the following
theorem.

Theorem 1.14. Part I. For a given λ ∈ Y and for any n ≥ 0
k1,...,kn≥0

⟨κλ1 . . . κλℓ(λ)τk1 . . . τkn⟩
(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

= (−1)ℓ(λ)


|µ|=|λ|

Lλµ
m(µ)!

res
w1=∞

. . . res
wℓ(µ)=∞

×
w

2µ1+3
1

(2µ1 + 3)!!
· · ·

w
2µℓ(µ)+3
ℓ(µ)

(2µℓ(µ) + 3)!!
FWK
ℓ(µ)+n(w1, . . . , wℓ(µ), z1, . . . , zn) dw1 · · · dwℓ(µ). (1.45)

Here Lλµ are transition matrices from the monomial basis of symmetric functions to the power sum basis [31], see Lemma 7.3 for an explicit
expression for the entries of this matrix.
Part II. The wave function corresponding to higher Weil–Petersson volume satisfies

ψκ(z; t; s) = exp


∞
k=1

hk(−s)z2k+3

(2k + 3)!!


λ∈Y

(−1)ℓ(λ)sλ
m(λ)!


|µ|=|λ|

Lλµ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1ψ

WK (z; t). (1.46)

Denote by F κn (z1, . . . , zn; s) the generating function of the higher Weil–Petersson volumes, i.e.

F κn (z1, . . . , zn; s) :=


l≥0


k1,...,kn≥0
d1,...,dl≥0

⟨κ
d1
1 . . . κ

dℓ
ℓ τk1 . . . τkn⟩

(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

sd11 . . . s
dℓ
ℓ

d1! · · · dℓ!
, n ≥ 1. (1.47)

Then

F κ1 (z; s) =
1
4 z
(−A(z; s) Bz(−z; s)+ Bz(z; s) A(−z; s)+ B(z; s) Az(−z; s)− Az(z; s) B(−z; s)) , (1.48)

F κn (z1, . . . , zn; s) = −
1
n


r∈Sn

Tr

Mκ(zr1; s) · · ·M

κ(zrn; s)


n
j=1
(z2rj − z2rj+1

)

− δn,2
z21 + z22
(z21 − z22)2

, n ≥ 2. (1.49)

Here A(z; s) := ψκ(z; 0; s), B(z; s) := ψκ
x (z; 0; s),

Mκ(z; s) :=
1
2


− [A(z; s)B(−z; s)+ A(−z; s)B(z; s)] −2A(z; s)A(−z; s)
2B(z; s)B(−z; s) A(z; s)B(−z; s)+ A(−z; s)B(z; s)


(1.50)

(cf. definition (1.26) of the matrixΘ).

The polynomials hk = hk(x1, . . . , xk), k ≥ 1 in the formula (1.46) are defined by the well known generating function

1 +


k≥1

hk(x)zk = e


i≥1

xizi

.

Example 1.15. Using Theorem 1.14 we obtain in particular

⟨κ3g−3⟩g,0 =
1

24g · g!
, g ≥ 1, (1.51)

⟨κ1τ3g−3⟩g,1 = 3
12g2

− 12g + 5
5!! · 24g · g!

, g ≥ 1, (1.52)

⟨κ2τ3g−4⟩g,1 = 3
72g3

− 132g2
+ 95g − 35

7!! · 24g · g!
, g ≥ 2, (1.53)

⟨κ3τ3g−5⟩g,1 =
1296g4

− 3888g3
+ 4482g2

− 2835g + 945
9!! · 24g · g!

, g ≥ 2. (1.54)
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Moreover, we find

A(1)(z) = −
z5

5!!
c +

z5

5!!
q −

z2

2 · 5!!
c, (1.55)

A(2)(z) = −
z7

7!!
c +

8z7 + 5z
8 · 7!!

q −
z4

2 · 7!!
c, (1.56)

A(1
2)(z) =


z10

225
+

11z7

1575
−

z4

2520


c +


−

z10

225
−

z7

210
+

3z
560


q, (1.57)

B(1)(z) = −
z6

5!!
q +

z3

2 · 5!!
q +

4z6 − 6
4 · 5!!

c, (1.58)

B(2)(z) = −
z8

7!!
q +

z5

2 · 7!!
q +

8z8 − 7z2

8 · 7!!
c, (1.59)

B(1
2)(z) =


−

z11

225
−

z8

210
+

z5

150
−

z2

240


c +


z11

225
+

4z8

1575
−

13z5

2520


q. (1.60)

Here c = c(z), q = q(z) are Faber–Zagier series (6.10), (6.11); for a partition λ, Aλ(z) is the coefficient of sλ :=
ℓ(λ)

j=1 sλj in the s-expansion
of A(z; s), similarly for definition of Bλ(z).

Organization of the paper In Section 2, we briefly review the KdV hierarchy. In Section 3, we prove Theorem 1.2 and derive some useful
lemmas. In Section 4, we prove Proposition 1.6 and Theorem 1.7. Application to the Witten–Kontsevich solution is presented in Section 6.
Application to higherWeil–Petersson volumes is presented in Section 7. Further remarks are given in Section 8.We list useful formulæ and
tables of intersection numbers, and apply a generalization of the Kac–Schwarz operator to higherWeil–Petersson volumes in appendices.

2. A brief reminder of the KdV hierarchy

In this preliminary section we review some useful facts about the KdV hierarchy (1.3), and derive generalized Kac–Schwarz operators
associated to string equations.

Let Au be the ring of differential polynomials in u. Define a family of differential polynomials Ωp;0(u; ux, . . . , up) with zero constant
term for p ≥ 0 through the Lenard–Magri recursion

∂xΩp;0 =
1

2p + 1


2 u ∂x + ux +

1
4
∂3x


Ωp−1;0, p ≥ 1, (2.1)

Ω−1;0 = 1. (2.2)

Here, uk := ∂kxu, k ≥ 1 are jet variables. Then the KdV hierarchy (1.3) can be equivalently written as

utp = ∂xΩp;0, p ≥ 0. (2.3)

The first fewΩp;0 are given by

Ω0;0 = u, (2.4)

Ω1;0 =
u2

2
+

1
12

uxx, (2.5)

Ω2;0 =
u3

6
+


1
12

u uxx +
1
24

u2
x


+

u4

240
, (2.6)

Ω3;0 =
u4

24
+


1
24

u2uxx +
1
24

u u2
x


+


1

240
u u4 +

1
120

uxu3 +
1

160
u2
xx


+

u6

6720
. (2.7)

In general, we have [10,19,20]

Ωp;0 =
1

(2p + 1)!!
Res∂L

2p+1
2 , ∀ p ≥ 0. (2.8)

Letψ(z; t) andψ∗(z; t) be a pair of wave and dual wave functions of the KdV hierarchy. As in the Introduction, we define the following
two formal series in z−1 by

R(z; t) := ψ(z; t) ψ∗(z; t), χ(z; t) := ∂x logψ(z; t). (2.9)

We remind [1] that the function R coincides with the diagonal value of the resolvent of the Lax operator L. One can easily see from (1.23)
and (2.8) that it gives the generating series ofΩp;0, i.e.

R(z; t) = 1 +

∞
k=0

(2k + 1)!!
z2k+2

Ωk;0(u(t); ux(t), . . . , uk(t)). (2.10)

It is well known that the following two lemmas hold true for R(z) and χ(z), for which we omit proofs.



8 M. Bertola et al. / Physica D ( ) –

Lemma 2.1. The function R = R(z; u; ux, . . .) is the unique solution in Au[[z−1
]] of the following ODE

R Rxx −
1
2

R2
x + (4 u − 2 z2)R2

= −2 z2, (2.11)

R = 1 + O(z−1), z → ∞. (2.12)

Furthermore, the following formula holds true for R(z)

R(z; u, ux, . . .)|uj=0, j≥1 =


1 −

2 u
z2

−
1
2

. (2.13)

In the above formulæ it is understood that R(z; t) = R(z; u(t); ux(t), . . .).

One can recognize that R(z; u; ux, . . .) is a full genus correction of gradient of the period of the one-dimensional Frobenius manifold
[32,10].

Lemma 2.2. The function χ = χ(z; t) = ∂x logψ(z; t) is the unique formal solution in Au[[z−1
]] of the Riccati equation

χx + χ2
+ 2 u − z2 = 0, (2.14)

χ(z; t) = z +

∞
k=1

χk(t)
zk

, z → ∞. (2.15)

Lemma 2.3 ([19]). Let ψ = ψ(z; t) andψ∗
= ψ∗(z; t) be a pair of wave and dual wave functions of the KdV hierarchy. The following formula

holds true:

ψx ψ
∗
− ψ ψ∗

x = 2 z, (2.16)

χ(z; t) =
1
2
∂x logR(z; t)+

z
R(z; t)

. (2.17)

Proof. The identity (2.16) is well-known. The proof of (2.17) is straightforward by using (2.16) and (2.9). �

3. One-point correlation functions of the KdV hierarchy

In this section we prove Theorem 1.2 by using the bilinear identities (1.6). Following [19,33,10], we will frequently use the following
differential operator

∇(z) :=

∞
k=0

(2k + 1)!!
z2k+2

∂

∂tk
. (3.1)

Lemma 3.1. For any tau-function τ(t) of the KdV hierarchy and any z ∈ C, z ≠ 0 we have

τx(t − [z−1
]) τ (t + [z−1

])

2 z τ(t)2
−
τx(t + [z−1

]) τ (t − [z−1
])

2 z τ(t)2
+
τ(t − [z−1

]) τ (t + [z−1
])

τ (t)2
= 1. (3.2)

The proof of this lemma is a straightforward application of Lemma 2.3 and hence omitted.

Proof of Theorem 1.2. Let τ(t) be any tau-function of the KdV hierarchy. Let ψ(z; t) and ψ∗(z; t) be the corresponding wave and dual
wave functions (1.8). The bilinear identities (1.6), (1.14) imply that ∀ t,t, w

R<|z|<|w|

τ(t − [w−1
] − [z−1

])τ (t + [w−1
] + [z−1

])e


j≥0
(t2j+1−t̃2j+1−2 (2j−1)!!w−2j−1) z2j+1

(2j+1)!!
dz = 0. (3.3)

Here R is a sufficiently large number. Note that

e
−2


j≥0

1
2j+1 (

z
w )

2j+1

=
w − z
w + z

. (3.4)

Applying the operator ∇(w) to the above identity (3.3) and then settingt = t, we obtain that ∀ t, w,
∞
k=0

(2k + 1)!!
w2k+2


R<|z|<|w|


τ(t − [w−1

] − [z−1
]) τtk(t + [w−1

] + [z−1
])
w − z
w + z

−
z2k+1

(2k + 1)!!
τ(t − [w−1

] − [z−1
]) τ (t + [w−1

] + [z−1
])
w − z
w + z


dz


= 0. (3.5)
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Noticing now that

w − z
w + z

=
2w

z + w
− 1, z → −w, (3.6)

w − z
w + z

= −1 + 2
w

z
+ O(z−2), z → ∞ (3.7)

we have
R<|z|<|w|

τ(t − [w−1
] − [z−1

]) τtk(t + [w−1
] + [z−1

])
w − z
w + z

dz
2iπ

= −2w τ(t) τtk(t)+


R<|w|<|z|

τ(t − [w−1
] − [z−1

]) τtk(t + [w−1
] + [z−1

])
w − z
w + z

dz
2iπ

= −2w τ(t) τtk(t)− res
z=∞


τ(t − [w−1

])− τt0(t − [w−1
]) z−1

+ O(z−2)


×

τtk(t + [w−1

])+ τt0tk(t + [w−1
]) z−1

+ O(z−2)
 

−1 + 2w z−1
+ O(z−2)


dz

= −2w τ(t) τtk(t)+ 2w τ(t − [w−1
]) τtk(t + [w−1

])+ τt0(t − [w−1
]) τtk(t + [w−1

])− τ(t − [w−1
]) τt0tk(t + [w−1

]). (3.8)

Similarly we have
∞
k=0

(2k + 1)!!
w2k+2


R<|z|<|w|

z2k+1

(2k + 1)!!
τ(t − [w−1

] − [z−1
]) τ (t + [w−1

] + [z−1
])
w − z
w + z

dz
2iπ

=


R<|z|<|w|

τ(t − [w−1
] − [z−1

]) τ (t + [w−1
] + [z−1

])
z

(w + z)2
dz
2iπ

= −τ(t) τ (t)+ τ(t) τ (t) = 0. (3.9)

Here we have used the following expansions

z
(w + z)2

=
−w

(z + w)2
+

1
z + w

, z → −w, (3.10)

z
(w + z)2

=
1
z

+ O(z−2), z → ∞. (3.11)

Substituting (3.8) and (3.9) into (3.5) we arrive at
∞
k=0

(2k + 1)!!
w2k+2 τ(t)2


τ(t − [w−1

]) τtk(t + [w−1
])+

1
2w

τt0(t − [w−1
]) τtk(t + [w−1

])

−
1

2w
τ(t − [w−1

]) τt0tk(t + [w−1
])


=

∞
k=0

(2k + 1)!!
w2k+2

τtk(t)
τ (t)

. (3.12)

Replacingw → −w in (3.12) we obtain
∞
k=0

(2k + 1)!!
w2k+2 τ(t)2


τ(t + [w−1

]) τtk(t − [w−1
])−

1
2w

τt0(t + [w−1
]) τtk(t − [w−1

])

+
1

2w
τ(t + [w−1

]) τt0tk(t − [w−1
])


=

∞
k=0

(2k + 1)!!
w2k+2

τtk(t)
τ (t)

. (3.13)

Now let us look at the r.h.s. of (1.19). It is straightforward to compute the following products

ψxψ
∗

z = −
τt0(t − [z−1

])

τ (t)2

∞
k=0

τtk(t + [z−1
])
(2k + 1)!!

z2k+2
−
τt0(t − [z−1

])τ (t + [z−1
])

τ (t)2
ϑz

− z
ψ(z; t)
τ (t)

∞
k=0

τtk(t + [z−1
])
(2k + 1)!!

z2k+2
e−ϑ

− z ϑz ψ(z; t)ψ∗(z; t)

+
ψ(z; t)τt0(t)

τ (t)2

∞
k=0

τtk(t + [z−1
])
(2k + 1)!!

z2k+2
e−ϑ

−
τt0(t)
τ (t)2

ϑz ψ(z; t)ψ∗(z; t), (3.14)

ψzψ
∗

x = −ψxψ
∗

z |z→−z, (3.15)

ψψ∗

xz =

∞
k=0

(2k + 1)!!
z2k+2 τ(t)2

τ(t − [z−1
])τt0tk(t + [z−1

])−
τ(t − [z−1

]) τt0(t + [z−1
])

τ (t)2
ϑz

−ψ(z; t) ψ∗(z; t)−


z ψ(z; t)+

τt0(t)
τ (t)

ψ(z; t)

ψ∗

z (z; t), (3.16)

ψxzψ
∗

= −ψψ∗

xz |z→−z . (3.17)
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As a result we have
ψxψ

∗
w + ψwψ

∗
x − ψψ∗

xw − ψxwψ
∗

4w

=
1

4w

∞
k=0

(2k + 1)!!
w2k+2τ(t)2


τ(t − [w−1

]) τt0tk(t + [w−1
])− τt0(t − [w−1

]) τtk(t + [w−1
])

− τ(t + [w−1
]) τt0tk(t − [w−1

])+ τt0(t + [w−1
]) τtk(t − [w−1

])


−
1
2

∞
k=0

(2k + 1)!!
w2k+2τ(t)2


τ(t − [w−1

]) τtk(t + [w−1
])+ τ(t + [w−1

]) τtk(t − [w−1
])


+
ϑw

2 τ(t)2


1
w
τ(t − [w−1

]) τt0(t + [w−1
])−

1
w
τ(t + [w−1

]) τt0(t − [w−1
])− 2 τ(t − [w−1

]) τ (t + [w−1
])


= −

∞
k=0

(2k + 1)!!
w2k+2

τtk(t)
τ (t)

− ϑw. (3.18)

The last equality uses (3.12), (3.13) and Lemma 3.1. The theorem is proved. �

4. Multi-point correlation functions of the KdV hierarchy

In this section we apply Theorem 1.2 to derive generating functions of multi-point correlation functions of the KdV hierarchy. We will
need the following formulae for the time derivatives of wave functions.

Lemma 4.1. Let ψ(z; t) and ψ∗(z; t) be any pair of wave and dual wave functions and let R(z; t) = ψ(z; t) ψ∗(z; t). It follows that

∇(z) ψ(w) =
2R(z)ψx(w)− Rx(z)ψ(w)

2 (z2 − w2)
, (4.1)

∇(z) ψx(w) =
Rx(z)ψx(w)−


Rxx(z)− 2R(z)(w2

− 2 u)

ψ(w)

2 (z2 − w2)
, (4.2)

∇(z) ψw(w) =
2R(z)ψxw(w)− Rx(z)ψw(w)

2 (z2 − w2)
− w

2R(z)ψx(w)− Rx(z)ψ(w)
(z2 − w2)2

, (4.3)

∇(z)Ψ (w) =
1

2(z2 − w2)


−Rx(z) −2R(z)

Rxx(z)− 2 (w2
− 2 u)R(z) Rx(z)


Ψ (w), (4.4)

∇(z)Ψ (w) =
1

z2 − w2
Θ(z)Ψ (w)+


0 0

R(z) 0


Ψ (w). (4.5)

Proof. The identity (4.1) is a standard result; e.g. see the formula (3.12) in [20] or (11.24) in [19]. The others follow from (4.1). �

Remark 4.2. Thedefinition of thematricesΨ andΘ is valid not just in a formal sense. Inmany cases thematrixΨ solves a Riemann–Hilbert
problem; for example if the potential u(x) is in an appropriate Schwartz class or it belongs to the class of quasi-periodic functions (as
in the finite gap integration problems). In these cases the identities for generating functions in the next section have also an analytic
meaning and allow to tackle the problem of studying large time behaviours. This is interesting e.g. in the case of the particular solution
of Witten–Kontsevich (see below), because the matrix Ψ could be written not just as a formal series but analytically in terms of Airy
functions. We postpone this type of analysis to a forthcoming publication [34].

Remark 4.3. The matrixΘ is a resolvent of the matrix-valued Lax operator; see e.g. pages 158–159 in [1].

4.1. Generating function of two-point correlation functions

In this subsection we prove Proposition 1.6.

Proof of Proposition 1.6. Applying the operator ∇(w) on both sides of (1.19) we obtain

∞
k=0

(2k + 1)!!
w2k+2

∞
j=0

(2j + 1)!!
z2j+2

⟨⟨τkτj⟩⟩ =
1
2

∇(w) Tr

Ψ−1(z)Ψz(z)σ3


− ∇(w)ϑz(z). (4.6)

Clearly

∇(w)ϑz(z) =
z2 + w2

(z2 − w2)2
. (4.7)

It is easy to see that Ψ−1(z) =
1
2 z σ2Ψ (z)

Tσ2. Here and below we will use Pauli matrices

σ1 =


0 1
1 0


; σ2 =


0 −i
i 0


; σ3 =


1 0
0 −1


. (4.8)
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We have

∇(w) Tr

Ψ−1(z)Ψz(z)σ3


=

1
2 z

Tr

σ2∇(w)


Ψ (z)T


σ2Ψz(z)σ3 + σ2Ψ (z)Tσ2∇(w) (Ψz(z)) σ3


=

2
(w2 − z2)2

Tr (Θ(w)Θ(z))−
i Tr


Ψ (z)T (Θ(w)T σ2 + σ2Θ(w))Ψz(z)σ1


2 z (w2 − z2)

−
i
2 z

Tr

Ψ (z)T (Q (w)T σ2 + σ2 Q (w))Ψz(z)σ1


. (4.9)

Here

Q (w) :=


0 0

R(w) 0


. (4.10)

Noticing that Q (w)T σ2 + σ2 Q (w) = 0, Θ(w)T σ2 + σ2Θ(w) = 0, we have

∇(w)

Tr

Ψ−1(z)Ψz(z)σ3


=

2
(w2 − z2)2

Tr (Θ(w)Θ(z)) . (4.11)

Hence
∞
k=0

(2k + 1)!!
w2k+2

∞
j=0

(2j + 1)!!
z2j+2

⟨⟨τkτj⟩⟩ =
Tr (Θ(w)Θ(z))− z2 − w2

(w2 − z2)2
(4.12)

=

1
2Rx(w)Rx(z)−

1
2 (Rxx(w)R(z)+ Rxx(z)R(w))+ (z2 + w2

− 4 u)R(w)R(z)− z2 − w2

(w2 − z2)2
. (4.13)

Substituting (2.11) into the formula we obtain (1.24). The theorem is proved. �

Example 4.4. The first few two-point correlation functions are given by

⟨⟨τ 20 ⟩⟩ = u, ⟨⟨τ0τ1⟩⟩ =
u2

2
+

1
12

uxx, (4.14)

⟨⟨τ 21 ⟩⟩ =
u3

3
+


u2
x

24
+

u uxx

6


+

1
144

uxxxx, (4.15)

⟨⟨τ1τ2⟩⟩ =
u4

8
+


u u2

x

12
+

1
8
u2uxx


+


1
90

u u4 +
23 u2

xx

1440
+

1
60

uxu3


+

1
2880

u6. (4.16)

To end this subsection we point out that, for an arbitrary solution u(t) of the KdV hierarchy, the Sato tau-function τ and the axiomatic
tau-function τ KdV defined in [10] coincide up to a gauge factor of the form eα−1+


j≥0 tjαj . Indeed, by definition we know that ∀ p, q, r ,

⟨⟨τpτq⟩⟩ = ⟨⟨τqτp⟩⟩, ⟨⟨τpτqτr⟩⟩ = ⟨⟨τqτrτp⟩⟩ = ⟨⟨τrτpτq⟩⟩. (4.17)

From Proposition 1.6 and Lemma 2.1 we know that ⟨⟨τpτq⟩⟩ ∈ Au and that

⟨⟨τpτq⟩⟩|uj=0, j≥1 =
up+q+1

p!q!(p + q + 1)
. (4.18)

So τ satisfies the defining properties of τ KdV .

4.2. Generating functions of multi-point correlation functions

Notation. For a permutation r ∈ Sn, n ≥ 2 denote

P(r) = −

n
j=1

1
z2rj − z2rj+1

(4.19)

where rn+1 is understood as r1.

Lemma 4.5. The following formula holds true:

∇(z)Θ(w) =
1

z2 − w2
[Θ(z),Θ(w)] + [Q (z),Θ(w)] (4.20)

with Q defined in (4.10).
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Proof. We have, using the Leibniz rule,

∇(z)Θ(w) = ∇(z)

Ψ (w)σ3Ψ (w)

−1
= ∇(z) (Ψ (w)) σ3Ψ (w)−1

+ Ψ (w)σ3∇(z)

Ψ (w)−1

=


1

z2 − w2
Θ(z)Ψ (w)+ Q (z)Ψ (w)


σ3Ψ (w)

−1

+Ψ (w)σ3


1

z2 − w2
Ψ (w)−1σ2Θ(z)Tσ2 + Ψ (w)−1σ2Q (z)Tσ2


=

1
z2 − w2

[Θ(z),Θ(w)] + [Q (z),Θ(w)]. � (4.21)

Proof of Theorem 1.7. We usemathematical induction on n. For n = 2, the theorem has been already verified in Proposition 1.6. Suppose
it is true for n = p (p ≥ 2). For n = p + 1,

∞
k1,...,kp+1=0

(2k1 + 1)!!

z2k1+2
1

· · ·
(2kp+1 + 1)!!

z
2kp+1+2
p+1

⟨⟨τk1 . . . τkp+1⟩⟩

= ∇(zp+1)

∞
k1,...,kp=0

(2k1 + 1)!!

z2k1+2
1

· · ·
(2kp + 1)!!

z2kp+2
p+1

⟨⟨τk1 . . . τkp⟩⟩

= ∇(zp+1)

1
p


r∈Sp

P (r) Tr

Θ(zr1) · · ·Θ(zrp)


− δp,2

z21 + z22
(z21 − z22)2


=

1
p


r∈Sp

P(r)
p

j=1

Tr

Θ(zr1) · · · ∇(zp+1)


Θ(zrj)


· · ·Θ(zrp)


=

1
p


r∈Sp

P(r)
p

j=1

Tr


Θ(zr1) · · ·


1

z2p+1 − z2rj
[Θ(zp+1),Θ(zrj)] + [Q (zp+1),Θ(zrj)]


· · ·Θ(zrp)



⋆
=

1
p


r∈Sp

P(r)
p

j=1


1

z2p+1 − z2rj
−

1
z2p+1 − z2rj−1


Tr

Θ(zr1) · · ·Θ(zrj−1)Θ(zp+1)Θ(zrj) · · ·Θ(zrp)


=

1
p

p
j=1


r∈Sp

P(r)
z2rj − z2rj−1

(z2p+1 − z2rj)(z
2
p+1 − z2rj−1

)
Tr

Θ(zp+1)Θ(zrj) · · ·Θ(zrp)Θ(zr1) · · ·Θ(zrj−1)


=

1
p

p
j=1


r∈Sp

P

[p + 1, rj, . . . , rp, r1, . . . , rj−1]


Tr

Θ(zp+1)Θ(zrj) · · ·Θ(zrp)Θ(zr1) · · ·Θ(zrj−1)


Ď
=


r∈Sp

P ([p + 1, r]) Tr

Θ(zp+1)Θ(zr1) · · ·Θ(zrp)


=

1
p + 1


r∈Sp+1

P(r) Tr

Θ(zr1) · · ·Θ(zrp+1)


. (4.22)

Here, for a permutation r = [r1, . . . , rℓ] ∈ Sℓ, r0 := rℓ, andwe have used the facts that both P(r) andmatrix trace of products are invariant
under the cyclic permutation. In the step marked with an asterisk, we have used that the terms of the form

p
j=1

Tr

Θ(zr1) · · ·

j-th place  
[Q (zp+1),Θ(zrj)] · · ·Θ(zrp)


(4.23)

are zero; to see this the reader can notice that the above is the infinitesimal action of the conjugation action by esQ (zp+1) and the trace
Tr(Θ(zr1) · · ·Θ(zrp)) is invariant under simultaneous conjugation of the matrices. In the step marked with Ď we have relabelled the
summation over permutations. In the last step we have used that the summand is invariant under cyclic permutations of the indices.
The theorem is proved. �

5. On string equation and Kac–Schwarz operator

In the remaining part of this paper we will consider a subset of solutions of the KdV hierarchy [10] whose tau-functions are specified
by string equations:

L−1τ = 0, L−1 :=


k≥0

t̃k+1
∂

∂tk
+

1
2
t̃ 2
0 (5.1)
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where t̃k = tk − ck, k ≥ 0, with arbitrary constants ck. Note that the string equation (5.1) uniquely determines a tau-function up to
a multiplicative constant independent of t. The Witten–Kontsevich tau-function and the generating function of higher Weil–Petersson
volumes are particular examples in this class of solutions; e.g., for the Witten–Kontsevich solution c1 = 1, ck = 0 for k ≠ 1.

It was observed by V. Kac and A.S. Schwarz [35] that the string equation for the Witten–Kontsevich tau-function implies a differential
equation in the spectral parameter z for the associated wave function. The equation can be written in terms of the linear differential
operator Sz =

1
z ∂z −

1
2z2

− z that will be called Kac–Schwarz operator. In this section, following A. Buryak [36], we give a generalization of
the Kac–Schwarz operator for the general class of solutions satisfying (5.1).

Definition 5.1. The generalized Kac–Schwarz operator Sz associated to the string equation (5.1) is defined as the following differential
operator of z:

Sz =
1
z
∂z −

1
2z2

−

∞
k=0

ck
(2k − 1)!!

z2k−1 (5.2)

where the constants ck are the shifts in the times tk in (5.1).

The above definition also can been generalized to the Gelfand–Dickey hierarchy as in [35,37].

Proposition 5.2. Let K(z; t) := ψ(z; t) · τ(t) = τ(t − [z−1
]) eϑ(z). Then the following formula holds true:

L−1K = SzK . (5.3)

Proof. On one hand we have

L−1K = L−1

τ(t − [z−1

]) · eϑ


= eϑ ·

∞
k=0

t̃k+1
∂τ(t − [z−1

])

∂tk
+


k≥0

t̃k+1 z2k+1

(2k + 1)!!
K +

(t̃0)2

2
K

= eϑ ·

∞
k=0


t̃k+1 −

(2k + 1)!!
z2k+3


∂τ(t − [z−1

])

∂tk
+


k≥0

t̃k+1 z2k+1

(2k + 1)!!
K +

(t̃0 − z−1)2

2
K

+ eϑ ·

∞
k=0

(2k + 1)!!
z2k+3

∂τ(t − [z−1
])

∂tk
−

1
2z2

K +
1
z
t̃0K

= eϑ ·

∞
k=0

(2k + 1)!!
z2k+3

∂τ(t − [z−1
])

∂tk
−

1
2z2

K +


k≥−1

t̃k+1 z2k+1

(2k + 1)!!
K . (5.4)

On another hand we have

1
z
∂zK = eϑ

∞
k=0

(2k + 1)!!
z2k+3

∂τ(t − [z−1
])

∂tk
+


k≥0

tkz2k−1

(2k − 1)!!
K . (5.5)

Sincetk = tk − ck, we obtain L−1K =
1
z ∂zK −

1
2z2

K −


∞

k=0
ckz2k−1

(2k−1)!!K , which was our statement. �

Proposition 5.3. Let u0(x) := ∂2x log τ(x, 0) and let f (z; x) := ψ(z; x, 0); then

Sz f (z; x) = −c1fx(z; x)−


k≥1

ck+1ψtk(z; x, 0), (5.6)

Sz fx(z; x) = −c1

z2 − 2u0(x)


f (z; x)−


k≥1

ck+1ψt0tk(z; x, 0), (5.7)

ψtk(z; x, 0) =
1

(2k + 1)!!

k
i=0

(2i − 1)!! z2k−2i

Ωi−1;0|u→u0 fx(z; x)−

1
2
f (z; x)∂xΩi−1;0|u→u0


, (5.8)

ψt0tk(z; x, 0) =
1

(2k + 1)!!

k
i=0

(2i − 1)!! z2k−2i

∂xΩi−1;0|u→u0 fx(z; x)+Ωi−1;0|u→u0


z2 − 2u0(x)


f (z; x)

−
1
2
fx(z; x)∂xΩi−1;0|u→u0 −

1
2
f (z; x)∂2xΩi−1;0|u→u0


. (5.9)

Proof. Taking tk = 0, k ≥ 1 in (5.3) gives

Sz f (z; x) =
c20
2
f (z; x)−


k≥0

ck+1
∂ψ

∂tk
(z; x, 0)−


k≥0

ck+1
∂ log τ
∂tk

(x, 0)f (z; x). (5.10)

Taking tk = 0, k ≥ 1 in (5.1) and substituting it into the above equality one obtains (5.6). Eq. (5.7) is obtained by taking x-derivative of
(5.6). Eq. (5.8) can be derived from the defining Eqs. (1.11) and (1.12), which is a standard expression hence omitted. Taking the x-derivative
in (5.8) yields (5.9). �
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We will apply in Appendix B results of Propositions 5.2, 5.3 to computation of higher Weil–Petersson volumes.

6. Application to the Witten–Kontsevich tau-function

In this section we consider a particular solution of the KdV hierarchy (1.3). Namely, we are going to apply Theorems 1.2, 1.7 and the
Witten–Kontsevich theorem to derive n-point functions of the intersection numbers (1.31).

To do so we first derive the initial datum of the wave functionψWK (z; t). Denote fWK (z; x) = ψWK (z; t)|t≥1=0. Noting that uWK
0 (x) = x,

we have

fWK
xx + 2 xfWK

= z2fWK . (6.1)

Solutions of this ODE can be expressed as linear combinations of Airy functions. Imposing the asymptotic condition fWK (z; x) =
1 + O(z−1)


exp(xz), it is easy to obtain

fWK (z; x) = G(z)
√
2πz e

z3
3 2

1
3 Ai


2−

2
3 (z2 − 2 x)


(6.2)

where G(z) = 1+ O(z−1) is yet to be determined and is a function independent of x. The asymptotic expansion of (6.2) is of the indicated
form only in a suitable sector; the dual wave function admitting the required asymptotic in the same sector is found in Appendix A. To fix
the gauge freedom we need to enforce the string equation

∞
k=0

tk+1
∂Z
∂tk

+
t21
2
Z =

∂Z
∂t1

(6.3)

which is derived by Witten [5]. One immediately reads off from (6.3) that

c0 = 0, c1 = 1, ck = 0 (k ≥ 2). (6.4)

So, due to Definition 5.1, the Kac–Schwarz operator associated to Z(t) reads

SWK
z =

1
z
∂z −

1
2z2

− z. (6.5)

Proposition 5.3 with the values (6.4) yields immediately that

SWK
z fWK (z; x) = −∂xfWK (z; x) =

√
2πz e

z3
3 2

2
3 G(z)Ai′


2−

2
3 (z2 − 2 x)


. (6.6)

On the other hand from (6.2) we have

SWK
z fWK (z; x) =

√
2πz e

z3
3 2

1
3


2

1
3 G(z)Ai′


2−

2
3 (z2 − 2 x)


+

G′(z)
z

Ai

2−

2
3 (z2 − 2 x)


. (6.7)

Comparing (6.6), (6.7) we conclude that G(z) is a constant and thus G(z) ≡ 1.

Definition 6.1. We define AWK (z) := ψWK (z; 0) = fWK (z; 0), BWK (z) := ψWK
x (z; 0) = fWK

x (z; 0).

Setting x = 0 in (6.7) yields

AWK (z) =
√
2πz e

z3
3 2

1
3 Ai


2−

2
3 z2


≃ c(z),

BWK (z) = −
√
2πz e

z3
3 2

2
3 Ai′


2−

2
3 z2


≃ z q(z)
(6.8)

where the symbol ≃ stands for asymptotic equivalence, and c(z) and q(z) are known as the Faber–Zagier series [16,36] which can be
computed from the known expansions of Airy functions

Ai(z) ∼
e−ζ

2
√
πz1/4

∞
k=0

(6k − 1)!!
(2k − 1)!!

(−216 ζ )−k

k!
, ζ =

2
3
z3/2, z → ∞, | arg z| < π. (6.9)

So

c(z) =

∞
k=0

Ck z−3k, Ck =
(−1)k

288k

(6k)!
(3k)!(2k)!

, (6.10)

q(z) =

∞
k=0

qk z−3k, qk =
1 + 6k
1 − 6k

Ck. (6.11)

For future reference, we also have, from Proposition 5.3

Lemma 6.2. AWK (z), BWK (z) satisfy the following system of ODEs
SWK
z AWK (z) = −BWK (z),

SWK
z BWK (z) = −z2AWK (z).

(6.12)
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The Faber–Zagier series satisfy the well-known relation

c(z) q(−z)+ c(−z) q(z) = 2, (6.13)

which expresses (2.16) of Lemma 2.3. Furthermore they possess the following properties.

Lemma 6.3. The following equalities hold true:

c(z) · c(−z) =

∞
g=0

(6g − 1)!!
24g · g!

z−6g , (6.14)

q(z) · q(−z) = −

∞
g=0

6g + 1
6g − 1

(6g − 1)!!
24g · g!

z−6g , (6.15)

c(z) · q(−z) = 1 −
1
2

∞
g=1

(6g − 5)!!
24g−1 · (g − 1)!

z−6g+3, (6.16)

q(z) · c(−z) = 1 +
1
2

∞
g=1

(6g − 5)!!
24g−1 · (g − 1)!

z−6g+3. (6.17)

Proof. By straightforward computations and by using summation formulæ for hypergeometric series (i.e. Dixon’s identities and
contiguous identities [38]). �

Due to the definition of Z(t), the relation between the intersection numbers and the n-point correlation functions of Z(t) consists simply
in an evaluation at t = 0:

⟨τk1 . . . τkn⟩ = ⟨⟨τk1 . . . τkn⟩⟩|t=0. (6.18)

Proof of Theorem 1.11. Let us first consider one-point intersection numbers. According to Theorem 1.2 and the Witten–Kontsevich
theorem, we have

FWK
1 (z) =

1
4


q(z) c ′(−z)+ c ′(z) q(−z)+

c(−z)
z

(q(z)+ z q′(z))+
c(z)
z
(−q(−z)+ z q′(−z))


= z2


1 −

c(z)c(−z)+ q(z)q(−z)
2


=

∞
g=1

(6g − 3)!!
24g · g!

z−(6g−2). (6.19)

Thus we obtain

⟨τj⟩ =


1

24g · g!
j = 3g − 2,

0 otherwise,
(6.20)

i.e. ⟨τ3g−2⟩ = ⟨τ3g−2⟩g =
1

24g ·g! .
Now we consider the n-point function for intersection numbers of ψ-classes. Substituting (6.8) into (1.27) and using Lemma 6.3 we

obtain

Θ(z; 0) =
1
2


z (c(z)q(−z)− c(−z)q(z)) −2 c(z)c(−z)

−2z2q(z)q(−z) −z (c(z)q(−z)− c(−z)q(z))



=
1
2


−

∞
g=1

(6g − 5)!!
24g−1 · (g − 1)!

z−6g+4
−2

∞
g=0

(6g − 1)!!
24g · g!

z−6g

2
∞
g=0

6g + 1
6g − 1

(6g − 1)!!
24g · g!

z−6g+2
∞
g=1

(6g − 5)!!
24g−1 · (g − 1)!

z−6g+4

 =: M(z). (6.21)

So we have

FWK
n (z1, . . . , zn) =

1
n


r∈Sn

P (r) Tr

M(zr1) · · ·M(zrn)


− δn,2

z21 + z22
(z21 − z22)2

. (6.22)

The theorem is proved. �

Theorem 1.11 allows an efficient way of computing the intersection numbers of ψ-classes. E.g., for the two point function, write

Tr (M(z1)M(z2)) =

∞
k1,k2=−1

ak1,k2 z
−2k1
1 z−2k2

2 , (6.23)
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where ak1,k2 are rational numbers defined by

ak1,k2 =



(6g1 − 5)!! · (6g2 − 5)!!
2 · 24g1+g2−2 · (g1 − 1)! · (g2 − 1)!

, if k1 = 3g1 − 2, k2 = 3g2 − 2, g1, g2 ≥ 1,

−
(6g1 − 1)!! · (6g2 − 1)!!

24g1+g2 · g1! · g2!
6g2 + 1
6g2 − 1

, if k1 = 3g1, k2 = 3g2 − 1, g1, g2 ≥ 0,

−
(6g1 − 1)!! · (6g2 − 1)!!

24g1+g2 · g1! · g2!
6g1 + 1
6g1 − 1

, if k1 = 3g1 − 1, k2 = 3g2, g1, g2 ≥ 0,

0, otherwise.

(6.24)

Then formula (1.36) yields the following explicit expressions for two-point correlators

⟨τ3g1+1τ3g2+1⟩ =


Mg1+g2+1,2

ψ
3g1+1
1 ψ

3g2+1
2 =

3g1+1
ℓ=0

(3g1 + 2 − ℓ) · aℓ−1,3g−ℓ

(6g1 + 3)!! · (6g2 + 3)!!
, g1, g2 ≥ 0, (6.25)

⟨τ3g1+2 τ3g2⟩ =


Mg1+g2+1,2

ψ
3g1+2
1 ψ

3g2
2 =

3g1+2
ℓ=0

(3g1 + 3 − ℓ) · aℓ−1,3g−ℓ

(6g1 + 5)!! · (6g2 + 1)!!
, g1, g2 ≥ 0. (6.26)

For example,


M51,2
ψ61

1 ψ
91
2 is equal to

9386050172836412587500989359024403743277403220016343379
129591118281563315053010990258247407512356853373458520700907464141878255147238339379331556666041363562054992071393762192115131342143042355200000000000

.

The above algorithm can also be easily applied to computation of high genus multipoint intersection numbers,1 e.g.

⟨τ20τ21τ22⟩ =
59907930252114536543946157271

344102366437196621060106476460340816052999946240000
(genus 21), (6.27)

⟨τ8
2τ9

2
⟩ =

15779395279487
15064643317373337600

(genus 11). (6.28)

Relationship with topological recursion. Let us briefly comment on the relationship between the formulæ (1.36) and functions of
Eynard–Orantin type, sometimes referred to as solutions of the topological recursions. Recall that Z(t) admits the genus expansion

log Z(t) =

∞
g=0

Fg(t), (6.29)

where Fg are genus g free energies corresponding to the Witten–Kontsevich solution

Fg(t) =

∞
n=0

1
n!


k1+···+kn=3g−3+n

⟨τk1 · · · τkn⟩g,n tk1 · · · tkn . (6.30)

Define

WWK
g,n (z1, . . . , zn) = ∇(z1) · · · ∇(zn)Fg(t) |t=0 (6.31)

where we remind the reader that

∇(z) =

∞
k=0

(2k + 1)!!
z2k+2

∂

∂tk
. (6.32)

Hence we have

FWK
n (z1, . . . , zn) =

∞
g=0

WWK
g,n (z1, . . . , zn). (6.33)

The functions WWK
g,n (z1, . . . , zn) are introduced by Eynard and Orantin [39]; see also [40,41]. It is proved for example in [41] that

Eynard–Orantin’s topological recursions forWWK
g,n are equivalent to the Virasoro constraints [33,10].

1 A table of first few intersection numbers has been given in the Appendix to the preprint version arXiv:1504.06452 of the present paper.

http://arxiv.org/1504.06452
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7. Application to higher Weil–Petersson volumes

In this section we apply Theorem 1.7 to the solution of higher Weil–Petersson volumes, for which we mean intersection numbers of
mixed κ- and ψ-classes:

⟨κ
d1
1 . . . κ

dℓ
ℓ τk1 . . . τkn⟩g,n :=


Mg,n

ψ
k1
1 . . . ψkn

n κ
d1
1 . . . κ

dℓ
ℓ . (7.1)

These numbers are zero unless
ℓ

j=1

j dj +
n

j=1

kj = 3g − 3 + n. (7.2)

Theorem 7.1 ([42,30,10,43,44]). The partition function Zκ(t; s) defined by

Zκ(t; s) = exp

 ∞
g=0


n,ℓ≥0

1
n!




jdj+


kj=3g−3+n

⟨κ
d1
1 . . . κ

dℓ
ℓ τk1 . . . τkn⟩g,n tk1 · · · tkn

sd11 . . . s
dℓ
ℓ

d1! · · · dℓ!

 (7.3)

is a particular tau-function of the KdV hierarchy (1.3). Moreover,2

Zκ(t; s) = Z(t0, t1, t2 − h1(−s), t3 − h2(−s), . . . , tk+1 − hk(−s), . . .) (7.4)

where hk(s) are polynomials in s1, s2, . . . defined through

∞
k=0

hk(s) xk = exp


∞
j=1

sjxj

. (7.5)

Observe that, equivalently Zκ(t; s) has the form

Zκ(t; s) = exp

 ∞
g=0


n,q,ℓ≥0




mj=n
jdj+


jmj=3g−3+n

⟨κ
d1
1 . . . κ

dℓ
ℓ τ

m0
0 . . . τ

mq
q ⟩g,n

tm0
0 · · · tmq

q

m0! · · ·mq!

sd11 . . . s
dℓ
ℓ

d1! · · · dℓ!

 . (7.6)

It is easy to see that Z(t) = Zκ(t; 0).
There exist several methods for computing the integrals (7.1), including application of the Virasoro constraints [46,9,47,43,41,44], the

quasi-triviality approach [10,48,16], as well as an interesting method in the original paper of [27]. We propose a yet different approach,
based on Theorems 1.7 and 7.1.

7.1. Proof of Theorem 1.14

Before entering into the proof proper, we need a few preparations.

Lemma 7.2. The following formula holds true

exp


m≥1

hm(s)qm


=


λ∈Y

sλ
m(λ)!


|µ|=|λ|

Lλµ
qµ

m(µ)!
, (7.7)

where Lλµ is the transition matrix from the monomial basis to the power sum basis. We have used the shorthands

sλ :=

ℓ(λ)
j=1

sλj , qµ :=

ℓ(µ)
j=1

qµj . (7.8)

Proof. By Taylor expansion of the exponential we have

exp


m≥1

hm(s)qm


=

∞
n=0




kj=n

∞
j=1

q
kj
j

kj!

∞
j=1

hj(s)kj

=


µ∈Y

qµ
m(µ)!

hµ(s) =


µ∈Y

qµ
m(µ)!


|λ|=|µ|

Lλµsλ, (7.9)

where the last equality uses the definition of the transition matrix between homogeneous basis and power sum basis. �

2 Recently Mattia Cafasso brought our attention to an interesting paper [45] where shifts of arguments of tau-functions have been represented in the Grassmannian
approach. It would be interesting to apply the methods of [45] in order to get new insight to our computation of the A(z; s), B(z; s) series (see Eqs. (7.28), (7.29)). We plan
to do it in a subsequent publication.
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It is known that thematrix (Lλµ) equals the product of the character table and the Kostka matrix. Nowwe are going to give two explicit
formulæ for Lλµ for given λ,µ. Write Y = {σ0 ≺ σ1 ≺ σ2 ≺ . . .}, where σ0 = (0), σ1 = (1), σ2 = (2), σ3 = (12), etc. Let p(n) be the
number of partitions of weight n, i.e. p(0) = p(1) = 1, p(2) = 2, p(3) = 3, . . .; and let rn :=

n
k=1 p(k), n ≥ 1, r0 := 0.

According to theMacdonald’s book [31] Lλµ counts the number ofmaps f such that f (λ) = µ. The following lemmaprovides an efficient
way for computing the matrices Lλµ.

Lemma 7.3. For any λ,µ satisfying |λ| = |µ|, denote v(λ) = ℓ(λ)− m1(λ). The following formula holds true:

Lλµ =


1≤k1,...,kv(λ)≤ℓ(µ)

 m1(λ)

µ1 −

v(λ)
j=1
δ1,kjλj, . . . , µℓ(µ) −

v(λ)
j=1
δℓ(µ),kjλj

 . (7.10)

Proof. By noticing that the combinatorial meaning of r.h.s. of (7.10) is the same as that of Lλµ. �

Remark 7.4. Let κλµ =
Lλµ

m(µ)! . For any fixedweight |λ| = |µ|, (κλµ) is a lower triangularmatrixwith integer entrieswhichwe call κ-matrix.
Note that we have used the reverse lexicographic ordering for partitions. The first several κ-matrices are given by

(κλµ) = (1), |λ| = |µ| = 1; (κλµ) =


1 0
1 1


, |λ| = |µ| = 2; (7.11)

(κλµ) =

1 0 0
1 1 0
1 3 1


, |λ| = |µ| = 3; (7.12)

(κλµ) =


1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 2 1 1 0
1 4 3 6 1

 , |λ| = |µ| = 4; (7.13)

(κλµ) =



1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 2 1 1 0 0 0
1 1 2 0 1 0 0
1 3 4 3 3 1 0
1 5 10 10 15 10 1

 , |λ| = |µ| = 5. (7.14)

We have the following observations:
(i) The sum of the last row of (κλµ), |λ| = |µ| is a Bell number. Indeed taking in

exp


k≥1

hk(s)qk


=


λ,µ∈Y

κλµ

m(λ)!
sλqµ (7.15)

q1 = q2 = · · · = 1 we obtain

exp


exp


j≥1

sk


− 1


=


λ∈Y

sλ
m(λ)!


µ∈Y|λ|

κλµ. (7.16)

Then taking s2 = s3 = · · · = 0 we obtain

exp (exp(s1)− 1) =


k=0

sk1
k!


µ∈Yk

κ(1k)µ, (7.17)

i.e.


µ∈Yk
κ(1k)µ = Bk which is the k-th Bell number.

(ii) The sum of any row of (κλµ), |λ| = |µ| is a Bell number. More precisely,
µ∈Y|λ|

κλµ = Bℓ(λ). (7.18)

Indeed, due to the combinatorial meaning, for a fixed weight the sum only depends on the number of rows of λ. Since in (ii) we have
obtained the sum for λ = (1k), the formula (7.18) follows for any λ.

We are now in a position to prove Theorem 1.14.
Proof of Part I. Note that for any partition λ = (λ1 ≥ λ2 ≥ · · · ) ∈ Y, we have

⟨κλ1 . . . κλℓ(λ)τk1 . . . τkn⟩ =
∂n+ℓ(λ) log Zκ

∂sλ1 . . . ∂sλℓ(λ)∂tk1 . . . ∂tkn
(0; 0). (7.19)
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According to Theorem 7.1,

Zκ(t; s) = e
−

k≥1

hk(−s) ∂tk+1
Z(t). (7.20)

Therefore we can write the following expansion

log Zκ(t; s) =


λ∈Y

(−1)ℓ(λ)sλ
m(λ)!


|µ|=|λ|

Lλµ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1 log Z(t). (7.21)

From (7.21) we collect the coefficient of sλ in the generating function F κn (z1, . . . , zn; s). For this purpose we can use the generating
formulæ in Theorems 1.2 and 1.7 to arrive at

k1,...,kn≥0

⟨κλ1 . . . κλℓ(λ)τk1 . . . τkn⟩
(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

= (−1)ℓ(λ)


|µ|=|λ|

Lλµ
m(µ)!

res
w1=∞

. . . res
wℓ(µ)=∞

wµ Fℓ(µ)+n(w1, . . . , wℓ(µ), z1, . . . , zn) dw1 · · · dwℓ(µ) (7.22)

where for a partition µ, wµ :=
w

2µ1+3
1

(2µ1+3)!! · · ·
w

2µℓ(µ)+3
ℓ(µ)

(2µℓ(µ)+3)!! . This concludes the proof of Part I.

Remark 7.5. Note that

∂tk1
. . . ∂tkn log Zκ(t; s) = e

−

k≥1

hk(−s) ∂tk+1
∂tk1

. . . ∂tkn log Z(t). (7.23)

Let FWK
n (z1, . . . , zn; t) and F κn (z1, . . . , zn; t; s) denote the generating functions of n-point correlation functions corresponding to Z(t) and

Zκ(t; s), respectively. Then we have

F κn (z1, . . . , zn; t; s) = e
−

k≥1

hk(−s) ∂tk+1
FWK
n (z1, . . . , zn; t)

=


λ∈Y

(−1)ℓ(λ)sλ
m(λ)!


|µ|=|λ|

Lλµ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1F

WK
n (z1, . . . , zn; t). (7.24)

Proof of Part II. By definition of the wave function we have

ψκ(z; t; s) =
Zκ(t − [z−1

]; s)
Zκ(t; s)

exp (ϑ(z; t))

=
Zκ(t − [z−1

]; s)
Zκ(t; s)

exp (ϑ(z; t)) exp


−

∞
k=2

hk−1(−s)z2k+1

(2k + 1)!!


exp


∞
k=2

hk−1(−s)z2k+1

(2k + 1)!!



= exp


∞
k=2

hk−1(−s)z2k+1

(2k + 1)!!


exp


−


k≥1

hk(−s) ∂tk+1


ψWK (z; t)

= exp


∞
k=1

hk(−s)z2k+3

(2k + 3)!!


λ∈Y

(−1)ℓ(λ)sλ
m(λ)!


|µ|=|λ|

Lλµ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1ψ

WK (z; t). (7.25)

Similarly we have

ψκ
x (z; t; s) = exp


∞
k=1

hk(−s)z2k+3

(2k + 3)!!


λ∈Y

(−1)ℓ(λ)sλ
m(λ)!


|µ|=|λ|

Lλµ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1ψ

WK
x (z; t). (7.26)

Let
A(z; s) := ψκ(z; 0; s), B(z; s) := ψκ

x (z; 0; s). (7.27)
Note that Zκ(t; s) = 1 + · · · and that Zκ(t; 0) = Z(t). Expanding in s1, s2, . . .we have

A(z; s) =

∞
k=0


λ∈Yk

Aλ(z) sλ, A(0)(z) = AWK (z), (7.28)

B(z; s) =

∞
k=0


λ∈Yk

Bλ(z) sλ, B(0)(z) = BWK (z) (7.29)

for some functions Aλ(z) and Bλ(z). The formulæ (1.48), (1.49) are then obtained from Theorems 1.2, 1.7 and 7.1, and this proves Part II.
The proof of Theorem 1.14 is complete. �

One can use the formulæ in Lemma 4.1 and the formula (4.20) recursively to obtain
∇(z1) . . .∇(zn)Ψ . (7.30)

At present we do not have a closed form for these generating functions of ‘‘multi-point wave functions’’.
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7.2. Examples of computations of higher Weil–Petersson volumes

In this section we give some explicit examples of calculations of higher Weil–Petersson volumes by using the main theorem and
Theorem 1.14. The following corollary of Lemma 6.3 will be useful for these computations.

Corollary 7.6. For the Witten–Kontsevich solution of the KdV hierarchy we have

R(z; 0) =

∞
g=0

(6g − 1)!!
24g · g!

z−6g , Rx(z; 0) =

∞
g=1

(6g − 5)!!
24g−1 · (g − 1)!

z−6g+4, (7.31)

Rxx(z; 0) =

∞
g=1

(6g − 3)!!
24g−1 · (g − 1)!

z−6g+2. (7.32)

Example 7.7 (Weil–Petersson Volumes). Consider the special case s = (s, 0, 0, . . .). Then

log Zκ(x, 0; s, 0) =

∞
g=0

∞
n=0

3g−3+n≥0

s3g−3+n

(3g − 3 + n)! n!
⟨κ

3g−3+n
1 τ n0 ⟩g,n xn, (7.33)

and by taking twice the x-derivatives we find

u0(x; s) := ∂2x log Zκ(x, 0; s, 0) =


n≥0

xn

n!

∞
g=0

3g−1+n≥0

s3g−1+n

(3g − 1 + n)!
⟨κ

3g−1+n
1 τ n+2

0 ⟩g,n+2. (7.34)

The corresponding n-point functions take the following form

FWP
n (z1, . . . , zn; s) := ∇(z1) · · · ∇(zn) log Zκ(t; s, 0) |t=0 =

∞
g=0

WWP
g,n (z1, . . . , zn; s) (7.35)

where WWP
g,n (z1, . . . , zn; s) are rational functions of the ‘‘Eynard–Orantin type’’:

WWP
g,n (z1, . . . , zn; s) =

∞
d=0


d+k1+···+kn=3g−3+n

⟨κd
1τk1 . . . τkn⟩g

sd

d!

n
i=1

(2ki + 1)!!
z2ki+2

. (7.36)

Define

bn,g =

 s3g−1+n

(3g − 1 + n)!
⟨κ

3g−1+n
1 τ n+2

0 ⟩g,n+2, if 3g − 1 + n ≥ 0,

0, otherwise.
(7.37)

An algorithm for computing u0(x; s) has been given in [48], from a table of which we get

b0,0 = 0, b0,1 =
s2

8 · 2!
, b0,2 =

787s5

128 · 5!
, . . . , (7.38)

b1,0 = 1, b1,1 =
7s3

6 · 3!
, b1,2 =

1498069s6

5760 · 6!
, . . . , (7.39)

b2,0 = s, b2,1 =
529s4

24 · 4!
, b2,2 =

10098059s7

640 · 7!
, . . . , (7.40)

b3,0 = 5
s2

2!
, b3,1 =

16751s5

24 · 5!
, b3,2 =

7473953867s8

5760 · 8!
, . . . . (7.41)

Substituting the above initial data into (2.10), (1.28) we obtain

WWP
0,2 = 0, WWP

1,2 =
s2

16z21z
2
2

+ s


1
4z41z

2
2

+
1

4z42z
2
1


+

3
8z41z

4
2 +

5
8z61 z

2
2

+
5

8z21 z
6
2
,

(7.42)

WWP
2,2 =

787s5

15000z21z
2
2

+ s4


1085
4608z41z

2
2

+
1085

4608z21z
4
2


+ s3


551

576z61z
2
2

+
7

8z41z
4
2

+
551

576z21z
6
2


+ s2


399

128z81z
2
2

+
181

64z61z
4
2

+
181

64z41z
6
2

+
399

128z21z
8
2


+ s


231

32z101 z22
+

203
32z81z

4
2

+
105

16z61z
6
2

+
203

32z41z
8
2

+
231

32z21z
10
2


+

1155
128z121 z22

+
945

128z101 z42
+

1015
128z81z

6
2

+
1015

128z61z
8
2

+
945

128z41z
10
2

+
1155

128z21z
12
2
, (7.43)



M. Bertola et al. / Physica D ( ) – 21

WWP
0,3 =

1
z21z

2
2z

2
3
, (7.44)

WWP
1,3 =

7s3

36z21z
2
2z

2
3

+ s2


13
16z41z

2
2z

2
3

+
13

16z21z
4
2z

2
3

+
13

16z21z
2
2z

4
3


+ s


5

2z61z
2
2z

2
3

+
9

4z41z
4
2z

2
3

+
9

4z41z
2
2z

4
3

+
5

2z21z
6
2z

2
3

+
9

4z21z
4
2z

4
3

+
5

2z21z
2
2z

6
3


+

35
8z81z

2
2z

2
3

+
15

4z61z
4
2z

2
3

+
15

4z61z
2
2z

4
3

+
15

4z41z
6
2z

2
3

+
9

4z41z
4
2z

4
3

+
15

4z41z
2
2z

6
3

+
35

8z21z
8
2z

2
3

+
15

4z21z
6
2z

4
3

+
15

4z21z
4
2z

6
3

+
35

8z21z
2
2z

8
3
. (7.45)

The expressions for WWP
1,2 ,W

WP
0,3 coincide with those derived in [41]; the function WWP

0,2 in [41] is not vanishing since some natural
supplementary definitions for intersection numbers are used in [41]. Let Volg,n(L1, . . . , Ln) := Vol(Mg,n(L1, . . . , Ln)) denote the
Weil–Petersson volumes and let

vg,n(L1, . . . , Ln) :=
Volg,n(L1, . . . , Ln)
(2π)3g−3+n

. (7.46)

It was shown in [46,9] that

vg,n(L1, . . . , Ln) =


d+k1+···kn=3g−3+n

⟨κd
1τk1 . . . τkn⟩g

d! k1! · · · kn!
L2k11 · · · L2knn . (7.47)

We remark that the relationship between vg,n and WWP
g,n is a Laplace transform [43,47,40]:

WWP
g,n (z1, . . . , zn; s = 1) = 2n


∞

0
· · ·


∞

0
L1 · · · Ln · vg,n(L1, . . . , Ln) · e

−

n
i=1

√
2ziLi

dL1 . . . dLn. (7.48)

Note that in the above example we have not used Theorem 1.14. More generally, given any initial value problem of the KdV hierarchy
with an initial data u(x, 0) = u0(x) ∈ C[[x]] one can compute the resolvent function R(z; x) of the Lax operator by solving the ODE (2.11).
Then, with the help of the Main Theorem, the generating functions of multipoint correlators readily follow.

Let us now give examples of application of Theorem 1.14.

Example 7.8 (Linear Insertion of κ-Classes). For n = 0, λ = (j)we have

⟨κj⟩ = res
w=∞

−w2j+3

(2j + 3)!!
F1(w) dw = res

w=∞

−w2j+3

(2j + 3)!!

∞
g=1

(6g − 3)!!
24gg!

w−(6g−2)dw. (7.49)

So we have

⟨κ3g−3⟩g,0 =
1

24g · g!
. (7.50)

For n = 1, λ = (j)we have


k1≥0

⟨κjτk1⟩
(2k1 + 1)!!

z2k1+2
= res

w=∞

−w2j+3

(2j + 3)!!
F2(w, z) dw (7.51)

= res
w=∞

−w2j+3

(2j + 3)!!


Tr (M(w)M(z))
(w2 − z2)2

−
w2

+ z2

(w2 − z2)2


dw (7.52)

=
1

(2j + 3)!!
Tr


1
2z


∂z

z2j+2M(z)


+

· M(z)


−
1

(2j + 1)!!
z2j+2. (7.53)

Here ‘‘+’’ means taking the polynomial part in the z expansion at infinity. Particularly, if n = 1, j = 1 then we have

1
2z


∂z

z4M(z)


+

=

 −
1
2

−2z2

−3z4
1
2

 ; (7.54)
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hence 
k≥0

⟨κ1τk⟩
(2k + 1)!!

z2k+2
=

1
5!!

Tr


1
2z


∂z

z4M(z)


+

· M(z)


−
1
3!!

z4

=
1
5!!

∞
g=1


1
2

(6g − 5)!!
24g−1 · (g − 1)!

− 2
6g + 1
6g − 1

(6g − 1)!!
24g · g!

+ 3
(6g − 1)!!
24g · g!


z−6g+4

= 3
∞
g=1

(12g2
− 12g + 5)(6g − 5)!!
5!! · 24g · g!

z−6g+4. (7.55)

This means that

⟨κ1τ3g−3⟩g,1 = 3
12g2

− 12g + 5
5!! · 24g · g!

, g ≥ 1. (7.56)

If n = 1, j = 2 then we have

1
2z


∂z

z6M(z)


+

=


−z2 −3z4

7
8

− 4z6 z2


; (7.57)

whence a straightforward manipulation of series shows
k≥0

⟨κ2τk⟩
(2k + 1)!!

z2k+2
=

1
7!!

Tr


1
2z


∂z

z6M(z)


+

· M(z)


−
1
5!!

z6

= 3
∞
g=1

(72g3
− 132g2

+ 95g − 35)(6g − 7)!!
7!! · 24g · g!

z−6g+6. (7.58)

This means that

⟨κ2τ3g−4⟩g,1 = 3
72g3

− 132g2
+ 95g − 35

7!! · 24g · g!
, g ≥ 2. (7.59)

Similar computations lead to

⟨κ3τ3g−5⟩g,1 =
1296g4

− 3888g3
+ 4482g2

− 2835g + 945
9!! · 24g · g!

, g ≥ 2. (7.60)

In general, we have

⟨κjτ3g−j−2⟩g,1 ∼
6j+1g j+1

(2j + 3)!! · 24g · g!
, g → ∞. (7.61)

For n ≥ 2, λ = (j)we have
k1,...,kn≥0

⟨κjτk1 . . . τkn⟩
(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

= res
w=∞

−w2j+3

(2j + 3)!!
Fn+1(w, z1, . . . , zn) dw (7.62)

= res
w=∞

w2j+3

(2j + 3)!!


r∈Sn

Tr

M(w)M(zr1) · · ·M(zrn)


(w2 − z2r1)(z

2
rn − w2)

n−1
j=1
(z2rj − z2rj+1

)

(7.63)

=
1

(2j + 3)!!
res
w=∞


r∈Sn

Tr

M(w)M(zr1) · · ·M(zrn)


n

j=1
(z2rj − z2rj+1

)


w2j+3

w2 − z2r1
−

w2j+3

w2 − z2rn


dw (7.64)

= −
1

(2j + 3)!!


r∈Sn

Tr

(z2j+2

r1 M(zr1))+ − (z2j+2
n M(zrn))+


M(zr1) · · ·M(zrn)


n

j=1
(z2rj − z2rj+1

)

. (7.65)

So we can also collect the following generating function for linear insertion of κ-classes:
j≥1


k1,...,kn≥0

⟨κjτk1 . . . τkn⟩
(2j + 3)!!
w2j

(2k1 + 1)!!

z2k1+2
1

· · ·
(2kn + 1)!!

z2kn+2
n

=

w4Fn+1(w, z1, . . . , zn)


−

(7.66)

where ‘‘−’’ means taking the negative part in thew expansion at ∞.
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Example 7.9 (Linear Deformation of the Wave Function). For j ≥ 1, we have

A(j)(z) = −
z2j+3

(2j + 3)!!
A(0)(z)−


|µ|=j

L(j),µ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1ψ

WK (z; t)|t=0

= −
z2j+3

(2j + 3)!!
c(z)+ ψWK

tj+1
(z; 0). (7.67)

By using Lemma 4.1 and Corollary 7.6 we obtain

∇(w)ψWK (z; t)|t=0 =
2S(w; 0)BWK (z)− Rx(w; 0)AWK (z)

2 (w2 − z2)

=

2
∞
g=0

(6g−1)!!
24g ·g! w

−6gz q(z)−

∞
g=1

(6g−5)!!
24g−1·(g−1)!

w−6g+4c(z)

2 (w2 − z2)

=
z q
w2

+
2z3q − c
2w4

+
4z5q − 2z2c

4w6
+
(8z7 + 5z) q − 4z4c

8w8
+
(16z9 + 10z3)q − (8z6 + 35)c

16w10
+ O(w−12). (7.68)

So we have

A(1)(z) = −
z5

5!!
c +

z5

5!!
q −

z2

2 · 5!!
c = −

1
24

z−1
+

77
576

z−4
+ O(z−7), (7.69)

A(2)(z) = −
z7

7!!
c +

8z7 + 5z
8 · 7!!

q −
z4

2 · 7!!
c =

1
48

z−2
−

13
144

z−5
+ O(z−8), (7.70)

A(3)(z) = −
z9

9!!
c +

16z9 + 10z3

16 · 9!!
q −

8z6 + 35
16 · 9!!

c = −
11

1152
z−3

+
1639
27648

z−6
+ O(z−9), (7.71)

etc. In the above formulæ it is understood that q = q(z), c = c(z) are Faber–Zagier series. As it was expected, indeed, all deformation
terms Aλ(z), λ ≠ (0) contain only negative powers in their expansions at z → ∞. Similarly, we have

B(j)(z) = −
z2j+4

(2j + 3)!!
q(z)+ ψWK

t0tj+1
(z; 0), (7.72)

∇(w)ψWK
x (z; t)|t=0 =

Rx(w; 0)BWK (z)−

Rxx(w; 0)− 2S(w; 0)z2


AWK (z)

2 (w2 − z2)

=

∞
g=1

(6g−5)!!
24g−1·(g−1)!

w−6g+4z q(z)−


∞
g=1

(6g−3)!!
24g−1·(g−1)!

w−6g+2
− 2

∞
g=0

(6g−1)!!
24g ·g! w

−6gz2

c(z)

2 (w2 − z2)

=
z2c
w2

+
2z4c + zq

2w4
+
(4z6 − 6)c + 2z3q

4w6
+
(8z8 − 7z2)c + 4z5q

8w8
+ O(w−10). (7.73)

And we have

B(1)(z) = −
z6

5!!
q +

z3

2 · 5!!
q +

4z6 − 6
4 · 5!!

c = −
1
24

+
79
576

z−3
+

18095
27648

z−6
+ O(z−9), (7.74)

B(2)(z) = −
z8

7!!
q +

z5

2 · 7!!
q +

8z8 − 7z2

8 · 7!!
c = −

1
48

z−1
−

55
576

z−4
−

31603
55296

z−7
+ O(z−10). (7.75)

These expressions agree with expression derived from a less straightforward method in Appendix B.

Example 7.10 (Higher Deformation of the Wave Function). Consider deformation of the wave function associated to partitions of form
(1k), k ≥ 1. For k = 1, it has been solved above. Let k = 2; we have

A(1
2)(z) =


z7

2 · 7!!
+

z10

2 · 5!!2


c −

z5

5!!
ψWK

t2 (z; 0)+
1
2!


|µ|=2

L(12),µ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1ψ

WK (z; t)|t=0

=


z7

2 · 7!!
+

z10

2 · 5!!2


c −

z5

5!!
4z5q − 2z2c

4 · 5!!
+

1
2!


−
(8z7 + 5z) q − 4z4c

8 · 7!!
+ ψWK

t2t2(z; 0)


(7.76)

and

B(1
2)(z) =


z8

2 · 7!!
+

z11

2 · 5!!2


q −

z5

5!!
ψWK

t0t2(z; 0)+
1
2!


|µ|=2

L(12),µ
(−1)ℓ(µ)

m(µ)!
∂tµ1+1 . . . ∂tµℓ(µ)+1ψ

WK
x (z; t)|t=0

=


z8

2 · 7!!
+

z11

2 · 5!!2


q −

z5

5!!
(4z6 − 6)c + 2z3q

4 · 5!!
+

1
2!


−
(8z8 − 7z2)c + 4z5q

8 · 7!!
+ ψWK

t0t2t2(z; 0)

. (7.77)
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By using (4.1) one can derive that

ψWK
t2t2(z; 0) =

4z10 − 5z4

4 · 5!!2
c +

z
4 · 5!!

q, ψWK
t0t2t2(z; 0) =

z11q

5!!2
−

z5q
180

−
z2c
60
. (7.78)

So we have

A(1
2)(z) =


z10

225
+

11z7

1575
−

z4

2520


c +


−

z10

225
−

z7

210
+

3z
560


q

=
37

1152
z−2

−
28249
138240

z−5
+ O(z−8), (7.79)

B(1
2)(z) =


−

z11

225
−

z8

210
+

z5

150
−

z2

240


c +


z11

225
+

4z8

1575
−

13z5

2520


q

= −
35

1152
z−1

+
29051
138240

z−4
+ O(z−7). (7.80)

Using Part I of Theorem 1.14 we find

⟨κ2
1 τ2⟩2,1 =

139
11520

, ⟨κ2
1 τ5⟩3,1 =

3781
2903040

, ⟨κ2
1 τ8⟩4,1 =

48689
928972800

(7.81)

and

F κ2 (z, w; s1 = s, 0) = s2


300825
1024w8z8

+
399

128w8z2
+

181
64w6z4

+
181

64w4z6
+

399
128w2z8

+
1

16w2z2
+ · · ·


+ s


231

32w10z2
+

203
32w8z4

+
105

16w6z6
+

203
32w4z8

+
1

4w4z2
+

231
32w2z10

+
1

4w2z4
+ · · ·


+


1015

128w8z6
+

1015
128w6z8

+
5

8w6z2
+

3
8w4z4

+
5

8w2z6
+ · · ·


+ o(s2). (7.82)

An alternative method for computing A(z; s), B(z; s) is presented in Appendix B.

8. Further remarks

It would be interesting to prove directly the equivalence between the formula (1.36), the (explicit) integral/recursive formulæ of ‘‘n-
point functions’’ given by Okounkov [24], Liu–Xu [49,50], Brézin–Hikami [51,52], and Kontsevich’s main identity [6]. We indicate the
relation between these three as follows. Recall that, given a formal (divergent) series of the form

f (z) =

∞
k=0

vk
(2k + 1)!!

z2k+2
, (8.1)

it can be re-summed by a suitable version of the Borel summation method. Noting that

(2k + 1)!! =
2k+1

√
π


∞

0
u

2k+1
2 e−udu, k ≥ 0 (8.2)

we have, integrating term-by-term

∞
k=0

vk
(2k + 1)!!

z2k+2
=

2 z
√
π


∞

0
s
1
2 f̂ (s) e−sz2 ds (8.3)

where f̂ (s) :=


∞

k=0 vk(2s)
k is the Borel re-summation of f (z). In general we say that f (z) is Borel summable if the function f̂ (s) (the

‘‘Borel transform’’ of f ) has a nonzero radius of convergence, and it can be extended analytically along a strip surrounding the real positive
axis. It then follows that the relation between the generating functions of intersection numbers that we have constructed in this paper and
Okounkov’s generating functions is precisely that the latter are Borel transforms of the former, or, which is the same, that the former are
asymptotic expansions of the Laplace transforms of the latter. The relation between our generating function and Kontsevich’s is simpler.
To be precise, let us introduce the following notations

FOK
n (x1, . . . , xn) =

∞
k1,...,kn=0

⟨τk1 . . . τkn⟩ x
k1
1 · · · xknn , (8.4)

FK
n (z1, . . . , zn) =

∞
k1,...,kn=0

(2k1 − 1)!!

z2k1+2
1

· · ·
(2kn − 1)!!

z2kn+2
n

⟨τk1 . . . τkn⟩. (8.5)



M. Bertola et al. / Physica D ( ) – 25

Then we have

FWK
n (z1, . . . , zn) =

2n z1 · · · zn
π

n
2


∞

0
· · ·


∞

0
(x1 · · · xn)

1
2 FOK

n (2x1, . . . , 2xn) e−x1z21−···−xnz2n dx1 · · · dxn, (8.6)

FWK
n (z1, . . . , zn) = (−1)n


n

j=1

∂

∂zj
zj

 
FK
n (z1, . . . , zn)


. (8.7)

For n = 1, one can directly verify (8.6) (actually in the case n = 1 the generating series of Okounkov and ours are both well-known).
Indeed,

FOK
1 (2x1) =

1
4x21


e

x31
3 − 1


=

∞
g=1

1
24gg!

(2x1)3g−2. (8.8)

Recall that

FWK
1 (z1) =

∞
g=1

(6g − 3)!!
24gg!

z−(6g−2)
1 . (8.9)

So it is straightforward to verify (8.6) for n = 1. However, it appears that for n ≥ 2 a direct verification of (8.6) is not trivial.
The final remark is that the formula (1.28) for multi-point correlation functions possesses certain universality in tau-symmetric

integrable systems. Indeed, it can be generalized to the Gelfand–Dickey hierarchy and more generally to the Drinfeld–Sokolov hierarchy,
as well as to the Jimbo–Miwa–Ueno isomonodromic problems [15,14], which will be presented in a separate publication [53]. It would
be interesting to investigate whether the formula works for all integrable hierarchies of topological (or cohomological) type associated
to semisimple Frobenius manifolds [10,12]: the first nontrivial examples in this investigation would be the intermediate long wave
hierarchy [54], the discrete KdV hierarchy [12] and the extended Toda hierarchy [55].

Acknowledgements

Wewould like to thank Tamara Grava, Dmitry Korotkin, Youjin Zhang, Jian Zhou for helpful discussions.We are grateful to Erik Carlsson
and Fernando Rodriguez Villegas for pointing out that Lλµ in Theorem 1.14 are transition matrices from monomial basis to homogeneous
basis of symmetric functions.We thank Bertrand Eynard for bringing our attention to the papers [25,26]. D. Y. is grateful to Youjin Zhang for
his advising. The intersection numbers that we computed in this paper have been verified for 3g − 3+ n ≤ 20 with intersection numbers
produced by Carel Faber’s Maple program; we thank Faber for sharing it publicly. The work is partially supported by PRIN 2010–11 Grant
‘‘Geometric and analytic theory of Hamiltonian systems in finite and infinite dimensions’’ of ItalianMinistry of Universities and Researches.
M.B. is supported in part by the Natural Sciences and Engineering Research Council of Canada grant RGPIN/261229–2011 and by the FQRNT
grant ‘‘Matrices Aléatoires, Processus Stochastiques et Systèmes Intégrables’’ (2013–PR–166790).

Appendix A. Some useful formulæ

The wave functions associated to the Witten–Kontsevich tau-function Z(t) at t1 = t2 = · · · = 0 satisfy

ψ(z; t0, 0, 0, . . .) =
√
2πz e

z3
3 2

1
3 Ai (ξ) , (A.1)

ψ∗(z; t0, 0, 0, . . .) = e
π i
6
√
2πz e−

z3
3 2

1
3 Ai (ωξ) , (A.2)

where ξ = 2−
2
3

z2 − 2 t0


, ω = e

2π
√

−1
3 . Noting that

ξx = −2
1
3 , ξz = 2

1
3 z (A.3)

we have

ψx(z; t0, 0, 0, . . .) = −
√
2πz e

z3
3 2

2
3 Ai′(ξ), (A.4)

ψ∗

x (z; t0, 0, 0, . . .) = −e
5
6π

√
−1

√
2πz e−

z3
3 2

2
3 Ai′(ωξ), (A.5)

ψz(z; t0, 0, 0, . . .) =
√
2πz e

z3
3 2

1
3


1
2z

+ z2

Ai(ξ)+ 2

1
3 z Ai′(ξ)


, (A.6)

ψ∗

z (z; t0, 0, 0, . . .) = −
√
2πz e

−z3
3 2

1
3


e

1
6π i


1
−2z

+ z2

Ai(ωξ)− e

5
6π i2

1
3 z Ai′(ωξ)


, (A.7)

ψzx(z; t0, 0, 0, . . .) = −
√
2πz e

z3
3 2

2
3


1
2z

+ z2

Ai′(ξ)+ 2−

1
3 z

z2 − 2t0


Ai(ξ)


, (A.8)

ψ∗

zx(z; t0, 0, 0, . . .) =
√
2πz e

−z3
3 2

2
3


e

5
6π i


1
−2z

+ z2

Ai′(ωξ)− e

1
6π i2−

1
3 z

z2 − 2t0


Ai(ωξ)


. (A.9)
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Appendix B. Generalized Kac–Schwarz operator and higher Weil–Petersson volumes

Let us first compute A(z; s) = ψκ(z; 0; s), B(z; s) = ψκ
x (z; 0; s) associated with higher Weil–Petersson volumes by using the

technique of generalized Kac–Schwarz operators explained above.
Theorem 7.1 together with Eq. (6.3) implies that Zκ(t; s) satisfies the string equation

k≥0

t̃k+1
∂Zκ

∂tk
+

t̃ 2
0

2
Zκ = 0 (B.1)

where t̃0 = t0, t̃k = tk − hk−1(−s), k ≥ 1, namely,

c0 = 0, ck = hk−1(−s), k ≥ 1. (B.2)

The corresponding generalized Kac–Schwarz operator (see Definition 5.1) reads as follows

Sz =
1
z
∂z −

1
2z2

− z −

∞
k=1

hk(−s)
(2k + 1)!!

z2k+1
= SWK

z −

∞
k=1

hk(−s)
(2k + 1)!!

z2k+1. (B.3)

As before let f (z; x; s) = ψκ(z; x, 0; s), u0(x; s) = ∂2x log Zκ(x, 0; s). Then according to Proposition 5.3 we have

Sz f (z; x; s) = −fx(z; x; s)−


k≥1

hk(−s)ψκtk (z; x, 0; s), (B.4)

Sz fx(z; x; s) = −(z2 − 2 u0(x; s))f (z; x; s)−


k≥1

hk(−s)ψκ
t0tk(z; x, 0; s), (B.5)

ψκtk (z; x, 0; s) =
1

(2k + 1)!!

k
i=0

(2i − 1)!! z2k−2i

Ωi−1;0|u→u0 fx(z; x; s)−

1
2
f (z; x; s)∂xΩi−1;0|u→u0


, (B.6)

ψκ
t0tk(z; x, 0) =

1
(2k + 1)!!

k
i=0

(2i − 1)!! z2k−2i

∂xΩi−1;0|u→u0 fx(z; x)+Ωi−1;0|u→u0


z2 − 2u0(x)


f (z; x)

−
1
2
fx(z; x)∂xΩi−1;0|u→u0 −

1
2
f (z; x)∂2xΩi−1;0|u→u0


. (B.7)

Taking x = 0 in the above Eqs. (B.4), (B.5) we arrive at

Lemma B.1. The functions A(z; s) and B(z; s) satisfy

SzA(z; s) = −B(z; s)−


k≥1

hk(−s) ψκtk (z; 0; s), (B.8)

SzB(z; s) = −(z2 − 2 u0(0; s))A(z; s)−


k≥1

hk(−s) ψκ
t0tk(z; 0; s). (B.9)

To solve the above Eqs. (B.8), (B.9) we can expand them as formal series in s and compare the coefficients. At the linear approximation
in s, employing Lemma 6.2 and comparing the coefficients of sj, j ≥ 1, we get

z2j+1

(2j + 1)!!
A(0)(z)+ SWK

z A(j)(z) = −B(j)(z)+
z2j

(2j + 1)!!
B(0)(z)

+

j
i=1

(2i − 1)!!
(2j + 1)!!

z2j−2i


⟨τi−1τ0⟩ B(0)(z)−
1
2
⟨τi−1τ

2
0 ⟩A(0)(z)


, (B.10)

z2j+1

(2j + 1)!!
B(0)(z)+ SWK

z B(j)(z) = −z2A(j)(z)+ 2⟨τ 20 κj⟩A
(j)(z)+

z2j+2

(2j + 1)!!
A(0)(z)

+

j
i=1

(2i − 1)!!
(2j + 1)!!

z2j−2i

1
2
⟨τ 20 τi−1⟩B(0)(z)+ ⟨τ0τi−1⟩z2A(0)(z)−

1
2
A(0)(z)⟨τ 30 τi−1⟩


. (B.11)

Also, taking derivatives w.r.t. x in the string equation (B.1) and taking t = 0 yields

Lemma B.2. For any m ≥ 0, we have
k≥0

hk(−s)
∂m+1 log Zκ

∂tm0 ∂tk
(0; s) = 0. (B.12)
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Comparing the coefficients of sj in (B.12) we find

− ⟨τm0 τj⟩ + ⟨τm+1
0 κj⟩ = 0. (B.13)

Substituting this expression into (B.11) and using (1.35), (6.3) we can solve out A(j)(z), B(j)(z), e.g. in the case j = 1 we have

Lemma B.3. A(1)(z) and B(1)(z) satisfy the following ODE system

SWK
z A(1)(z)+ B(1)(z) = −

1
6
A(0)(z)−

z3

3
A(0)(z)+

z2

3
B(0)(z), (B.14)

SWK
z B(1)(z)+ z2A(1)(z) =

1
6
B(0)(z)−

z3

3
B(0)(z)+

z4

3
A(0)(z). (B.15)

Moreover, the solution of this ODE system is unique under the boundary condition

A(1)(z) = O(z−1), z → ∞. (B.16)

Recall that A(0)(z) = c(z), B(0)(z) = z q(z); we obtain the explicit solution of the ODE system (B.14), (B.15):

A(1)(z) =
1
5

∞
g=1

g Cg z−3g+2, (B.17)

B(1)(z) =
1

120

∞
g=0

(36g2
+ 48g − 5) Cg z−3g . (B.18)

Similarly, we know from the system (B.8), (B.9) that for any partition λ,

SWK
z Aλ(z)+ Bλ(z) = combinations of Aµ(z), Bµ(z)with |µ| < |λ|, (B.19)

SWK
z Bλ(z)+ z2Aλ(z) = combinations of Aµ(z), Bµ(z)with |µ| < |λ|. (B.20)

It is not difficult to see that the combination coefficients in the above formulæ can be obtained in a recursive procedure by applying
Lemma B.2 and the Main Theorem. Details are omitted. So, in principle one can obtain all the initial data Aλ, Bλ, |λ| > 0 from (B.8), (B.9),
Lemma B.2 with the knowledge of A(0), B(0).

Now let F κn (z1, . . . , zn; s) := ∇(z1) · · · ∇(zn) log Zκ(t; s) |t=0 be the n-point generating function corresponding to the partition function
Zκ . We have for n = 1,

F κ1 (z; s) =
1
4 z
(−A(z; s) Bz(−z; s)+ Bz(z; s) A(−z; s)+ B(z; s) Az(−z; s)− Az(z; s) B(−z; s))

= F1(z)+
s1
4 z


−AWK (z) B(1)z (−z)− A(1)(z) BWK

z (−z)+ BWK
z (z) A(1)(−z)+ B(1)z (z) A

WK (−z)

+ BWK (z) A(1)z (−z)+ B(1)(z) AWK
z (−z)− AWK

z (z) B(1)(−z)− A(1)z (z)B
WK (−z)


+ higher order terms

= F1(z)+ s1
∞
g=1

(12g2
− 12g + 5)(6g − 5)!!

5 · 24g · g!
z−6g+4

+ higher order terms. (B.21)

The last equality uses similar derivation as in Lemma 6.3. We read off from the above expression that

⟨κ1τ3g−3⟩g,1 =
12g2

− 12g + 5
5 · 24g · g!

, g ≥ 1. (B.22)

For n ≥ 2, letMκ(z; s) = Θ(z; 0; s) then we have

F κn (z1, . . . , zn; s) = −
1
n


r∈Sn

Tr

Mκ(zr1; s) · · ·M

κ(zrn; s)


n
j=1
(z2rj − z2rj+1

)

− δn,2
z21 + z22
(z21 − z22)2

. (B.23)

Here the matrix-value functionMκ(z; s) has the form

Mκ(z; s) = M(z)+ s1


M(1)

11 (z) M(1)
12 (z)

M(1)
21 (z) M(1)

22 (z)


+ higher order terms (B.24)

with

M(1)
11 (z) = −

1
2


BWK (z) A(1)(−z)+ B(1)(z) AWK (−z)+ AWK (z) B(1)(−z)+ A(1)(z) BWK (−z)


, (B.25)

M(1)
12 (z) = −AWK (z) A(1)(−z)− A(1)(z) AWK (−z), (B.26)

M(1)
21 (z) = BWK (z) B(1)(−z)+ B(1)(z) BWK (−z), (B.27)

M(1)
22 (z) = −M(1)

12 (z). (B.28)
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